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A Semiotic Model for Analysing the Relationships Between Thought, 
Language and Context in Mathematics Education 

Juan D. Godino. University of Granada (Spain) 

Angel M. Recio, University of Cordoba (Spain) 

Abstract: 

In this research report, we propose a semiotic and epistemological model for 
studying the processes of interpretation and communication in mathematics 
education. This model is based on the notion of semiotic function defined on 
three types of primitive mathematical entities: extensional, notational and 
intensional entities. We also identify various types of meanings depending on 
the nature of the semiotic function contents. An example of this model, as well 
as the multiplicity of codes in mathematical work, is shown by analysing the 
semiotic processes which take place when solving an elementary geometry 
task. 

1. The relationships between semiotics and epistemology in mathematics 
education 

. Growing interest has recently been noted in the use of semiotic notions for 
studying teaching and learning processes within the mathematics education research 
community. Examples of this interest are some of the projects presented at the PME 
Conferences (Ernest, 1993; Vile and Lerman, 1996), and those carried out by 
Bauersfeld and colleagues (Cobb and Bauersfeld, 1995) from the perspective of 
symbolic interactionism, which considers the notions of meaning and negotiation of 
meanings to be central to mathematics education. We also highlight the published 
research concerning the influence of mathematical language in mathematics 
teaching and learning (Ellerton and Clarkson, 1996), and the investigations about 
understanding mathematics (Sierpinska, 1994; Godino, 1996), which cannot avoid 
the issues of meaning. 

We consider, however, that more investigations from the perspective of the 
mathematics education are needed on the notion of meaning and on the relationships 
between the semiotic and epistemological components involved in mathematical 
activity, that is, on the nature and type of objects whose meanings are involved 
therein. We consider it necessary to carry out a more extensive and in-depth study of 
the dialectical relationships between thought (mathematical ideas), mathematical 
language (sign systems) and problem-situations for the solution of which such 
resources are invented. In fact we would have to progress by developing a specific 
semiotics to study the interpretation processes of mathematical sign systems 
involved at the heart of didactic systems. In mathematical work, symbols 
(signifiants) convey or substitute conceptual entities (meanings). Even when this is 
also important, the crucial point in mathematics instruction processes is not just 
mastering the syntax of the mathematical symbolic language, but mastering its 
semantics. That is to say, understanding the nature of mathematical concepts and 
propositions and their relationship to contexts and problem situations which emerge.:' 
from their solutions. Furthermore, it is necessary to elaborate theoretical models to 



link the semiotic dimension in mathematics education (their syntactic, semantic and 
pragmatic aspects), to the epistemological, psychological and sociocultural 
dimensions. These models require taking, amongst others, the following elements 
and assumptions into account: 

- Diversity of objects involved in mathematical activity, both on the plane of 
expression, and in that of content (conceptual, notational, and situation problems). 

- Diversity of acts and processes of semiosis between the different types of objects 
and ways of producing signs. 

- Diversity of contexts and spatial, temporal and psychosocial circumstances that 
determine and relativise semiotic processes. 

In Godino and Batanero (1994) and (1997), we developed a theory regarding the 
meaning of mathematical objects, from pragmatic and anthropologic assumptions, 
and considering such objects as signifiants of the ’’system of practices carried out by 
people when faced with a certain class of situation-problems". We attributed a 
diachronic and evolutionary character to this meaning, depending on institutional 
contexts and personal circumstances. This notion of meaning could be useful for 
describing certain interpretative processes, particularly in the stages for designing, 
developing and evaluating teaching and learning plans for mathematical contents. 
Beyond the interpretation of conceptual entities required in the communicative 
processes carried out in mathematics education, the expressive means and 
problematic situations themselves give rise to interpretations by the message 
receivers at a given time and under certain circumstances. There, meaning has a 
synchronous and local character: It is the content that the speaker of an expression 
refers to, or the content that the receiver interprets. In other words, what one means, 
or what the other understands. 

In this research work, we analyse this local use of the term “meaning”, starting 
from a personal interpretation of the epistemological triangles (Steinbring, 1997; 
Ogden and Richard, 1923) and applying the notion of semiotic function developed 
by Eco (1979).' This will allow us to identify three basic types of elementary 
meanings taking into account the different natures of semiotic correlation content, 
which we shall call notational, extensional and intensional meaning, depending on 
whether the correspondence final object is an external representation (an ostensive 
representation), a problem situation, or a mathematical abstraction. 

2. An interpretation of the epistemological triangle 

The relationships between the signs used to codify knowledge and the contexts 
that are needed to establish their meaning has been modelled by several authors 
using triangular schemes. Amongst these schemes, we highlight those proposed by 
Frege, Peirce, Ogden and Richards, as well as their interpretation by Steinbring, 
which he calls the epistemological triangle. The elements included by Steinbring in 
this triangle are concept, sign/symbol and object/reference context. 

Taking into account this triad, as well as the conceptual triplet by Vergnaud 
(1982), we shall draw a theoretical model including the following basic entities: 
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Phenomenologies , that is, problem-situations, applications, tasks; in general, 
extensional entities inducing mathematical activities. 

Notations , that is, every material and ostensive representation used in mathematical 
activity (terms, expressions, symbols, graphics, tables, graphs, etc., in general, 
notational entities) 

Generalisations , mathematical ideas, abstractions (concepts, propositions, 
procedures, theories, i. e., intensional entities) 

In mathematical work, generalisations and problem situations are given by 
notations that describe their characteristic properties. Both entities are inseparable 
from the ostensives, in which they are embodied but with which the are not 
identifiable, that is, we consider that mathematics may not be reduced to the 
language with which it is expressed. w The stated fact must be distinguished from its 
statement" ( Searle, 1997; p. 21). 

The categories of entities proposed are related to the theory of conceptual 
fields by Vergnaud (1982), who considers a concept as a triplet formed by the "set of 
situations that make the concept meaningful, the set of invariants that constitute the 
concept and the set of symbolic representations used to represent the concept, its 
properties and the situations it refers to "(p. 36) 

We conceive mathematical generalisations and phenomenologies in the terms 
used by Freudenthal (1982) the noumena and phainomena. Mathematical objects are 
noumena for this author, that is, objects of thought (ideas), such as numbers. 
Mathematical concepts, in general mathematical structures serve to organise 
phenomena of concrete and mathematical worlds. We consider that the mathematical 
study of such phenomena confronts the person with problem situations, from which 
we establish the connection between both notions. 



The notion of mathematical generalisation described by Dorfler (1991) is 
another starting point for us to interpret mathematical generalisations (noumena) as 
products of processes for generalising the subject’s actions when involved in certain 
classes of problem situations. They are, therefore, not mere empirical generalisations 
of features common to objects or situations, but generalisations of schemes or action 
system invariants, as well as performance conditions and results from such actions, 
supported by sign systems. 

Notational entities can be letter or number chains, graphs, diagrams, or even 
physical objects. These notational systems frequently play the role of 
"representation systems", which means, they replace something else or some aspect 
of another entity. However, in our model, this representation role is not exclusive to 
this class of objects (mathematical ideas and situations can also be signs of other 
entities). Notational systems do not only have a semiotic value but they are also 
ostensive instruments for mathematical activity. 



In addition, the semiotic and epistemological model outlined requires another 
primitive element to describe and explain interpretation and communication 
processes in mathematics education. This is the notion of pragmatic context that we 





3-3 



conceive in a very general way as the set of extra and intra-linguistic factors 
sustaining and determining mathematical activity, and, therefore, the form, 
suitability and meaning of objects involved therein. It includes the various 
conditioning aspects of mathematical activity described in a social constructivist 
account of mathematics (Ernest, 1993). 

3. Semiotic functions 

In mathematical work we usually take some objects to represent others, 
especially abstract objects, and a correspondence, frequently implicit, exists between 
the representative and the objects represented. "There are words, symbols or other 
ostensive objects that mean or express something, represent or symbolise something 
else besides - them, and make it publicly understandable " (Searle, 1997, p. 76). 

According to Eco ’’there is a semiotic function when an expression and a 
content are in correlation, and both elements are turned into FUNCTIVES of the 
correlation " (Eco, 1979, p. 83). Such a correlation is conventionally established, 
though this does not imply arbitrariness, but it is coextensive to a cultural link. There 
may be functives of any nature or size. The original object in the correspondence is 
the signifiant (plane of expression), the image object is the meaning (plane of 
content), that is, what is represented, what is meant, and what is referred to by the 
speaker. 

Types of semiotic functions 

The three types of primary entities considered (extensional, intensional and 
notational entities) can play both the role of expression or content in semiotic 
functions. Hence, nine different types of such functions are applicable. Though 
some of these functions can be clearly interpreted as specific cognitive processes 
(generalisation, symbolisation, etc.), in this work we will classify and characterise 
these functions regarding the plane of content (meaning); therefore these nine types 
are reduced to the three described below. 

(1) Notational meaning : Let us call a semiotic function notational when the final 
object (its content), is a notation, that is, an ostensive instrument. This type of 
function is the characteristic use of signs to name world objects and states, to 
indicate real things, to say that there is something and that thing is built in a given 
manner. The following examples show this type of meaning: 

- When a particular collection of five things are represented by the numeral 5. 

- The symbol Pn (or n!) represents the product n (n-1) (n-2) ... 1 

- In the phrase, "In the histogram of figure x, which is the absolute frequency of the 
modal interval?" The word /histogram/ refers to another ostensive object that is 
shown in the figure. Also the expressions /absolute frequency/ and /modal interval/ 
refer to ostensive observable objects in the figure (a number labelled on the ordinates 
axis, an identifiable interval on the abscissas axis. 

(2) Extensional meaning : A semiotic function is extensional when the final object is 
a situation - problem or a phenomenology, as in the following examples: 



- As a rule, the verbal, graphical or mixed description of a situation - problem. Such 
a description is a different object of the situation itself. 

- The simulation of phenomena (i.e., it is possible to represent a variety of 
probabilistic problems with urn models) 

- Using rule and compass constructions (or computer environments, like Cabri) to 
represent elementary geometry problems. 

(3) Intensional meaning'. A semiotic function is intensional when its content is a 
generalisation, as in the following examples: 

- In the definitions of a concept, for example, "an angle is a pair of rays with the 
same origin" , the word /angle/ refers to an abstract object. 

- In expressions such as, "Let p be the mathematical expectation of a random 
variable or "Let f (x) be a continuous function ". 

The notations p, £, f(x), or the expressions /mathematical expectation/, /random 
variable/ and /continuous function/, refer to mathematical generalisations. 

- "The histogram is used to represent a frequency distribution of a statistical variable 
grouped into intervals of class ". Here the word /histogram/ refers to a generality. 

Every intensional and extensional semiotic function can be interpreted, 
furthermore, as a notational correspondence and vice-versa, since abstractions and 
the situations - problems are textually fixed. 

4. Applying the theoretical model to the analysis of a geometry task 

In this section we apply the theoretical model described for analysing a 
geometry proposition statement and the process followed by a student to solve it. 
This task was included in a written test to assess university students’ generalisation 
and reasoning capacities (Recio and Godino, 1996). Below we reproduce the task: 

"Prove that the bisectrices of two adjacent angles form a right angle. (Remember 
that two adjacent angles have a common vertex and side, and they add up to 180°. A 
right angle measures 90°. The bisectrix of an angle is the ray that splits it into two 
equal parts)". 

The response given by a student was the following: 

If a and b are the two adjacent angles, then a+b = 180°. Consequently, the 
angle that forms the bisectrices is: 



a b a + b 180 ° 

2 + 2 ~ 2 ~ 2 
Objects involved 

The statement of the task denotes a general property of adjacent angles (a 
generalisation) and also describes a problem situation for the subjects: building an 
argument to support the universal and intemporal need for the truth expressed in the 
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From a pragmatic viewpoint, the context in which the task is proposed by the 
researcher (transmitter) also produces interpretative processes on the part of the 
students (receivers of the same). In this work we shall focus, however, on identifying 
the objects and interpretations required by the different terms and expressions used 
in the statement and the solution. The words and expressions raising interpretative 
processes are the following: 

Prove, angle, vertex of an angle, sides of an angle, ray, bisectrix of an angle, angle 
equality, right angle, straight angle, angle sum, adjacent angles, division of an angle 
into parts, measure of an angle, the degree as a unit of angle measure, 180 °, 90 °. 

These terms and expressions denote conceptual entities or mathematical 
operations controlled by definitions that the subject competent in mathematics 
should recall (implicitly in general) and so apply them in the task and circumstances 
requested. 

Interpretative processes: 



From a didactic-mathematics point of view we can identify the interpretative 
processes described below. This relation of semiosis acts constitutes a pattern for 
assessing the processes that students can or cannot carry out in each particular case. 
Their observation would require performing clinical interviews with the subjects. 

II: To prove means to establish the universal and intemporal truth of the theorem 
(the angle that forms the bisectrices is right for any two adjacent angles) 

12: The segments of the figure represent two adjacent angles (It is implicitly 

assumed that the segments represent the sides (rays) of the angles). 

13: The letters a, b designate variables, and since they are written near the angles in 
the Figure, they represent any pair of adjacent angles. 

' 14: ° represents an angle of a particular size taken as a unit of measurement. 

15 : 1 80° is the result of adding 1 80 angles with an amplitude of one degree. 

(It is the measure of the angle known as straight angle taking the degree as a unit). 

16: a+b represent the sum of the two adjacent angles. 

17: a+b=l 80°; translate the expression, "the sum of any two adjacent angles". 

18: The symbols a/2 and b/2 represent any of the two angle regions in which the 
bisectrices of the adjacent angles divide into a and b, respectively. 

19: a/2+b/2 represent the sum of the two angles. 

110: (a/2)+(b/2) = (a+b)/2; adding two halves of two angles produces the same 
angle as finding half the angle formed by adding the two angles given. 

This is one possible interpretation of the equality. But it can also be interpreted that 
the equality is due to the distributive property of the product of numerical scalars 
with respect to the sum of the angles (Structure of semimodule of the angle size 
magnitude). 



Ill: (a+b)/2 = 18072; notational transformation 



(deictic), taking 



into account the 



interpretation 16. 

112: 18072=90°; it means finding half of the angle for which the measurement in 
degrees is 180. An angle for which the measurement is half of 180, or rather 90 is 
obtained. 

113: 90° is the measure of the right angle; it is the result of adding 90 single degrees 
together; this result is the right angle (half of the straight angle). 

In this process we have changed to the numerical-algebraic register by 
introducing the angle measurements. This change serves to associate rational 
numbers to angle quantities (180 to straight angles, 90 to right angles, a/2 and b/2 to 
the measures of the adjacent angles) and hence to operate in this register. Finally, 
the number obtained, 90, must be interpreted as the measurement of the right angle, 
and this, as being half the straight angle. 

In each act of semiosis we can recognise the dialectic between ideas, language 
and phenomenological context. For example, in 13, the idea of variable is 
"incapsulated" in the notation ’a', 'b\ and "exemplified” by a pair of adjacent angles, 
which constitute in this act their phenomenology. In II, the idea of proof (to 
establish the universal and timeless truth of a proposition) is incapsulated in the 
expression 'to prove' and exemplified with the bisectrices of the adjacent angles 
always forming a right angle, which constitutes a phenomenology associated with 
the idea of proof. 

5. Conclusions 

The semiotic-epistemological model described in this research report - from 
the didactic of mathematics perspective - is based on the notion of semiotic function 
as suggested by Eco and by a personal interpretation of the epistemological triangles 
described in the bibliography. It has allowed us to outline a theory of the meanings 
of objects involved in mathematical activity. Its application to the analysis of a 
didactic episode has shown the ontological and semiotic complexity of mathematical 
activity, even in the elementary task chosen. We think that this kind of analysis, by 
showing the multiplicity of codes involved, can help to overcome a certain "illusion 
of transparency" regarding abstraction and reasoning processes in mathematics 
teaching and learning. This will let us identify critical points and conditioning 
factors of semiotic acts and confront them using suitable didactic actions. 
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Conceptions as articulated in different microworlds exploring functions 
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Abstract 

This paper compares the ways students interact with three microworlds 
exploring real functions of real variables, which were designed around two software 
programs which explore the dynamic potential available through computer 
environments. It reports results of case studies of the development of pairs of students 
while interacting with these microworlds . The way the students 9 conceptions are 
articulated when situated in the different microworlds showed to be influenced by 
pedagogical and technical aspects of the microworlds. The role of articulating these 
situated conceptions is, also, examined by the gains for students development while 
connecting these conceptions with their previous knowledge. 

Introduction 

Microworlds, technically described as a computer environment which embodies a 
domain of knowledge, have been explored in mathematics education to provide access 
to ideas and phenomena that are not easily find in other media by students. A 
microworld represents mathematical concepts in a peculiar way that can be close or far 
away from the school mathematics. Hoyles & Noss (1993) had observed that “students 
frequently construct and articulate mathematical relationships which are general within 
the microworld yet are interpretable and meaningful only by reference to the specific 
(computational) setting” (pp.84). Thus, it is important to discuss the role of allowing 
students to explore a microworld if the understanding built within it lacks universality. 

This paper will discuss results of case studies (Gomes Ferreira, 1997) 1 which compare 
different “ways in which learners structure their own learning, as well as on the ways 
in which the setting structures it” (Noss & Hoyles, 1996: 108) while exploring 
different microworlds on the concept of real function with real variable. It also focuses 
on how connections were forged. 

Brief description of the research 

This case studies research investigated how students articulated knowledge of 
mathematical function while interacting with microworlds, created from a set of 
activities developed to encourage exploration of the dynamic features of two software 
programs and discussion within pairs of students. Instead of the concept, a selection of 
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properties of function (range, periodicity, variation, turning point and symmetry) was 
distinguished. 

Two software programs which exploit the possibilities of computers to explore 
representations of functions by continuous movement were selected: DynaGraph (DG) 
(Goldenberg et al, 1992) and Function Probe (FP) (Confrey et al, 1991). Function 
Probe is a multiple representational software, developed by the Mathematics 
Education Research Group at Cornell University, which allows continuous and direct 
transformations of graphs. DynaGraph is a visual representation of function software, 
developed by the ‘Educational Development Center’, which allows students to vary 
the variable of a function and observe the variation of its output. 

Four pairs of Brazilian students, who had already studied functions at school, 
followed a sequence of activities during 13 meeting with 2 hours each: A pre-test, 
focusing on the chosen properties; familiarization with the research environment; the 
microworld activities in two different sequences (two pairs did the activities in both 
DG Parallel and DG Cartesian followed by the activities in FP, and the other two pairs 
followed the activities in the opposite order); a final interview to investigate how 
students made links during the activities as well as to motivate new links if possible. 
The set of activities will be detailed after the description of the programs. 

Starting with an examination of the curriculum followed by the students as a means to 
describe the origins of their conceptions, a longitudinal investigation was undertaken in 
order to identify the main features of each of the microworlds that appeared to 
contribute to the students’ progress. The students’ conceptions were analysed by 
drawing attention to their origins, their usefulness and their potential limitations (from 
a mathematical point of view). A methodology for this longitudinal study was devised 
which incorporated visual presentations to capture the main characteristics of students’ 
conceptions (see Gomes Ferreira & Hoyles, 1997). 

On discussing the role played by a computer environment in student’s learning, Noss 
& Hoyles (1996) have been working on the web and situated abstration framework - a 
framework to understand how meanings are constructed by actions on virtual objects 
and relationships while students explore computer environments. One develops an 
overview of the Web of mathematical ideas by ‘navigating’ on a computer 
environment and forging familiar local connections, thus, developing an individual 
understanding. ’> 

This framework recognises the contingency of the domain. Students “construct 
mathematical ideas by drawing on the webbing of a particular setting which, in turn, 
shapes the way the ideas are expressed” (Ibid.: 122). On attempting to describe these 
constructions Hoyles & Noss (1987) coined the term situated abstraction. Situated 
abstraction refers to the object as well as the process articulated by a student in a 
domain. So, the question discussed here is how students structure their understanding 
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while working within DG Parallel, DG Cartesian and FP microworlds as well as how 
these microworlds structure students’ learning. 

DG Parallel and DG Cartesian programs 

As the parallel version of DynaGraph, DG Parallel represents a function point-by-point 
by two sprites. One of them corresponds to the input of the function (in general 
denoted by x) and the second sprite represents the image of the function (f(x) or y). 

Figure 1 — Screen of DG Parallel with the striker of /(x>=-x displayed 
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Differently from DynaGraph, DG Parallel explores twelve functions hidden in 
behaviour of strikers which are presented by different icons. Using the mouse, the 
student moves (varies) x horizontally, obtaining as feedback the corresponding 
movement (variarion) of y according to the chosen function which is represented by 
the active striker. Thus, the software can facilitate students to develop a co-variational 
view of functions. By clicking the mouse on the iconic menu, users can change the 
active striker (active function). By displaying the icon of the active striker, DG Parallel 
enables students to remember which ‘function’ is on. More than one striker can be 
choose to compare the behaviour of different strikers. 

DG Cartesian is similar to DG Parallel. The same functions are hidden in the same 
strikers. It mainly differs from DG Parallel in that: the axes appear as in the Cartesian 
system and a dot representing (x,y) is added. In both DG Parallel and DG Cartesian, 
students have no access to any other representation of them, in particular any algebraic 
representation. 

Function Probe 

Function Probe is a multiple representational software tool to enable students to 
explore real functions. It combines three representations (algebraic, graphic and tables) 
in three windows (Graph, Table and Calculator). This study focused on the Graph 
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window of FP particularly in the transformations students do in graphs while looking 
for properties of functions. For a complete description of FP see Confrey et al (1991). 

The Graph window presents a iconic menu of commands , which allows actions within 
graphs. Among these actions, there are the dynamic transformations within graphs: 
vertical and horizontal stretches; vertical and horizontal translations; and vertical, 
diagonal and horizontal reflections. Figure 2 tries to reproduce, in a static way, a 
dynamic vertical stretch from the graph of y=x to the graph of y=-0.2x. 

Figure 2 - Vertical stretch from the graph of v^x to the graph of y=-0.2x 




The Activities and the Final Interview 




The design of each microworld was a result of conceptual, technical, cognitive, and 
pedagogical considerations. In each microworld, the activities had similar structure 
divided in three phases. The first phase was a session to familiarise the students with 
the software commands. In the second phase, the activities used were descriptions to 
lead students to explore the properties of twelve functions chosen into four families 
(constant; linear; quadratic and sine functions) according to their representations: as 
graph in FP and as behaviour of strikers in both DG microworlds. The description 
activity was made in a describing/guessing form, in which one student was expected to 
guess what was the function chosen and described by his/her partner. In the last phase, 
the students were required to group the functions as represented in each of the 
microworlds according to the properties they had observed. 



The choice of the sample of functions to be used also played an essential role in the 
construction of the microworlds. The students had already studied each of the chosen 
families of functions. In order to choose the functions two criteria were considered: the 
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properties had to be emphasised by the sample; the dynamic potential of FP, DG 
Parallel and DG Cartesian could be used when exploring the functions in the activities. 

In the final interview, the students were asked to: match the strikers with the graphs; 
identify conceptions built within DG microworlds in the graphs; predict the behaviour 
of a new striker which corresponded to a graph transformed from another using FP, 
having the behaviour of the striker corresponding to the graph. All the activities are 
derived from suggestions presented by Kaput (1992) as ways to motivate connections. 

Conceptions Articulated in DG Microworlds 

Common conceptions among the pairs of students made clear the /special status’ 
attributed to some properties by ‘the motions of x and y’ in DG Parallel indicating an 
acquisition of a co- variational conception of function (Goldenberg et al, 1992), 
although this depended on the sub-concept in question. For example, line symmetry 
and periodicity were rarely identifying in DG Parallel. A summary of the conceptions 
developed by the majority of the pairs in DG Parallel shows the special status of the 
motions of x and y in DG Microworlds: turning points started to be identified as ‘ point 
where y changes orientation ’; horizontal straight lines were justified by ‘y is 
independent of x’ and > is motionless monotonicity as ‘direction of straight lines’ 
was interpreted by ‘ comparing orientations of the motions of x and y\ what facilitated 
its generalisation to non-linear functions; slope of linear graphs was discriminated by 
‘ comparing the ratio between the variations (or values) of x and y\ linking it to 
inclination; curved and straight graphs were characterised and justified by constant and 
variable ‘ ratio ...’; Range changed from a polarised approach (positive and negative 
range) to an approach involving ‘bounded or boundless range’. 

Bernard & Charles conceptions of monotonicity will be discussed, here, to illustrate 
the ways the students articulate knowledge in DG Microworlds. 

Bernard & Charles: monotonicity 

Bernard & Charles’ development in monotonicity were quite close with the other pairs. 
While exploring all the microworlds and in the pre-test, Bernard & Charles restricted 
the use of the terms ‘increasing’ and ‘decreasing’ for linear functions. 

However, Bernard & Charles also identified monotonicity in a co-variational way in 
their pre-test and in DG Parallel, which remained isolated from the others till the final 
interview. These conceptions seem to have been triggered by their previous 
understanding of the term ‘increasing’. In DG Parallel, Bernard & Charles 
discriminated monotonicity by comparing the ‘orientations of the motions of y and x’ 
(y follows x and y doesn't follow x). The fact of trying to control the orientation of the 
motions of y while moving x led the students to distinguish these ideas as an invariant 
to characterise the strikers (functions), even before knowing that each striker hides a 
function. 
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From a mathematical viewpoint this co-variational view had the advantage to be 
generalised among other families of function such as parabolas. The comparison of 
these orientations of motions was used by the students to distinguish strikers of linear 
functions from quadratic and sine functions. 

Bernard & Charles’ great discovery happened in the final interview. They brought the 
generalisation developed in DG Parallel to the Cartesian system, but it was not 
straightforward. Firstly, they linked the term increasing with ‘ direction of the graph ’ 
to y follows x’ for increasing and y does not follow x’ for decreasing limited to linear 
functions. As they had this conception (‘y follows x’ or y does not follow x’) for 
strikers given by parabolas, they brought back to graphs the link, using the terms 
‘increasing’ and ‘decreasing’. This allowed Bernard & Charles to overcome the 
obstacles created by using the terms ‘increasing’ and ‘decreasing’. 

DG Parallel ' a new representation 

Given that few attempts were made to build connections to ‘old’ knowledge during 
interactions with DG Parallel, this microworld could be explored as a ‘new’ 
representation where students appeared more free of previous conceptions. This 
allowed them to revise conceptions and to generalise some conceptions to a wider set 
of functions within DG microworlds. In the case when later connections with previous 
knowledge were built, such as the case of Bernard & Charles investigating 
monotonicity, the developed conceptions proved to be robust enough to allow students 
to contrast them with those derived from school knowledge. Thus, a key to the use of 
qualitatively different multiple representations is synthesis but also articulation of 
situated abstrations. 

Conceptions articulated within FP 

The interaction with transformations of graphs in FP led the students to a different way 
of articulating their conceptions of the properties. In contrast to DG microworlds, the 
point of exploring the transformations of graphs in FP was to give the students tools to 
explore, not to shape conceptions. One example will be detailed here. 

Bernard & Charles: monotonicity 

Bernard & Charles started their explorations of FP classifying ‘directions of a straight 
line’ into two types: increasing direction and decreasing direction (without 
distinguishing the different slopes). This division can be considered as a 
compartmentalisation in their understanding when the slope was not considered. 

Interactions with dynamic transformations of graphs in FP prompted Bernard & 
Charles to realise the connection between monotonicity and derivative. While 
investigating the idea of increasing, a horizontal stretch in the graph of y=x (as shown 
in figure 2) encouraged the students to connect ‘direction of straight lines’ and 
‘slopes’. For instance, Charles argued that the change from increasing to decreasing 
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depends on where you have the graph (i.e., where you choose to finish the 
transformation). He explained that anyway the command changes the direction of the 
graph but it can pass from one type to the other type. 

FP: Tools to explore own conceptions 

In FP, the students’ conceptions of the properties could not really be categorised in 
relation to each command explored. The fact that the students were discussing while 
transforming graphs more often determined the changes in their conceptions, than the 
t command per se. What was revealed in this research were patterns emerging from the 
ways the students used the commands to modify their own conceptions. 

The students used the transformations as tools: to generate and check their own 
hypotheses by generating examples and counter-examples; to recognise and revise 
differences in conceptions previously associated, to discover new aspects of a 
property; to realise limitations of their own conceptions; to generalise their 
conceptions among different functions; to develop ‘comparative measures’ for 
properties they previously perceived pictorially; and to realise relationships between 
different properties which had previously been compartmentalised. Note that the 
possibility of generating new examples in FP make its explorations qualitatively 
different than the exploration of DG microworlds. 

Patterns in ways of synthesising 

The research came up with some patterns in the ways which led the students to 
synthesise. In the case of DG Cartesian, the students made the connections by 
matching the strikers with the family of functions and bringing terms explored at 
school in these families to the discussion. This last was also exhibited in FP. The fact 
of working with the same sample of functions in different microworlds also 
encouraged the students to make connections. 

In the case of FP, the students were more open to making connections in response to: 
the analysis of variants and invariants and the observations of algebraic and Cartesian 
representation while transforming graphs, which then showed the great importance of 
the dynamic transformations of graphs for the students in building the connections; the 
attempts to make sense of results obtained from transformations which were counter- 
examples of their own assumptions, which then demonstrated that students were 
stimulated into making connections when their expectations were contradicted; the 
comparison of two or more functions, which then highlighted the importance of the 
activities of describing and classifying functions in leading them to connect 
conceptions. 

The two activities of the final interview provoked the students to make their own 
connections by: linking conceptions which before had been isolated within different 
microworlds, generalising conceptions previously restricted to one family of functions 
and revising naive links. The activity of predicting a striker corresponding to a 
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transformed graph also led the students into a new search for conceptions in DG 
Parallel which they brought to the research environment by Cartesian representation. 



Conclusion 

The results of students' development depended not only on the computer features but 
also on the students’ interactions during the activities. One illustration of this can be 
given by the fact that the development of ways to measure, such as the ‘ratio between 
the variations of x and y\ The students had to be precise in comparing two or more 
functions in order to allow their partners to guess the function described. 

The results showed that DG Parallel, a ‘new’ representation, prompted the 
development of conceptions free of previous limitations and sufficiently robust to 
allow revision. However, properties previously perceived pictorially were rarely 
identified in DG Parallel. Together with DG Cartesian, interactions with this 
microworld provoked the students to develop a co-variational view of some of the 
function properties. By way of contrast, using the tools in FP to transform graphs 
seemed not to shape conceptions, but to assist in the exploration of the function 
properties. 
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There have been many calls for the improvement of discussion or 
dialogue in mathematics classes. However there has been difficulty in 
transferring practices developed in research to the wider educational 
community. This paper reports a small study that assumes that knowledge 
of current practice is a necessary first step in producing such transfer. 
Three teachers were video-taped while conducting mathematics lessons 
and subsequently interviewed in an attempt to establish their current 
beliefs and practices with respect to the nature and role of discussion. The 
analysis reveals a concurrence of teachers intentions and goals, together 
with a diversity of strategies for achieving them. 

Introduction 

Greeno (1992) argues that the task of school learning in mathematics and science 
should be to enhance children’s thinking and that, in order to achieve this, 
classroom activities should be organised as mathematical or scientific discourses. 
According to Bereiter (1994), classroom discourse can be progressive in the same 
sense as science, with the generation of new understandings requiring a commitment 
from the participants to working towards a common understanding which is based 
on a growing collection of propositions which can or have been tested. 

In a similar vein, Cobb, Wood and Yackel (1991) contrast traditional discussion in 
mathematics classrooms, where the teacher decides what is sense and what is 
nonsense, with genuine dialogue, where participants assume that what the other says 
makes sense, but expect results to be supported by explanation and justification. 

There have been a number of research and development projects which have 
attempted to engage students in such dialogue (see, for example, Ball, 1993; Brown 
& Renshaw, 1995; Cobb, Wood & Yackel, 1991; Lampert, 1990). However, when 
teachers in the wider education community attempt to implement these ideas in their 
classrooms, they often only adopt superficial features (see, for example, Stigler, 
1996; Knuth, 1994). 

In our own work in the Practical Mechanics in Primary Mathematics project (see, 
for example, Doig, 1997; Groves, 1997), we found that many teachers, regardless 
of their stated theoretical frameworks for learning and teaching, were 
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uncomfortable with whole class discussions based on the notion of scientific 
dialogue. They appeared to identify any form of whole class interaction with a 
traditional, expository model of classroom practice, which they claimed to have 
rejected in favour of small group work with discussion occurring almost exclusively 
within these small groups. 

Heeding the words of Cooney & Shealy (1997, p. 106) that “consideration of what 
teachers believe and how their beliefs are structured provides us a means of 
conceptualising teacher education in ways that promote change in something other 
than a random manner” a large-scale investigation has been proposed, with one of 
its foci on these beliefs and structures. As a preliminary to this investigation, of the 
extent to which generalist elementary teachers can develop and implement 
conceptually coherent personal models of mathematics classroom practice based on 
the notion of a community of inquiry, we carried out a small-scale study. This study 
sought to establish what are teachers’ beliefs and practice about the nature and role 
of current classroom discourse in mathematics, science and language. 

This paper presents the results of this study through an analysis of teachers’ beliefs 
and practice with respect to the nature and role of discussion as observed in three 
mathematics lessons and as reported by the teachers in a subsequent interview. 

Background and methodology 

In order to establish what is current practice in elementary classrooms in Australia, 
and to what extent this represents an operationalisation of teachers’ beliefs, video- 
data and observations were compared to teachers’ responses to face-to-face 
interviews. The three teachers who took part in this small scale study, were chosen 
in an attempt to maximise the likelihood of observing practice with features in 
common with a community of inquiry approach to encouraging dialogue. 

The school, at which the three teachers work, is located in a middle-class suburb of 
Melbourne, and has an excellent reputation for academic results in the local 
community based on the high quality of its teachers. Two of the teachers, referred 
to here as Barbara and Anita, were known to one of the researchers for a number 
of years, and both of these teachers had strongly claimed the use of an open-ended 
teaching approach, together with the use of sharing and discussion. Barbara had a 
combined Kindergarten and grade 1 class, while Anita’s class was a grade 4 class. 

The third teacher, referred to here as Helen, had previously agreed to be observed 
and interviewed by one of the researcher’s post-graduate students and was also 
known to that researcher through other professional activities. Helen was teaching a 
grade 5 class. 

Each of the teachers had been teaching for 20 to 25 years and were generalist 
teachers who had taught at most grade levels, although Barbara and Helen had 
mostly taught at the infant and grade 5-6 levels respectively. 



One lesson of approximately one hour’s duration, in each of the areas of 
mathematics, science and language was video-taped, and extensive field notes taken 
during each of the nine lessons. The teachers provided an outline of the aims for 
each lesson, as well as copies of any worksheets used by the children. 

Each teacher took part in a semi -structured interview of between 45 and 60 minutes 
to determine their beliefs about the learning and teaching of each of these areas, 
their perceptions of their practice, and their beliefs of the role and nature of 
discussion. Interviews were audio-taped and later transcribed. 

For the purpose of this paper, the data will be taken to consist of the video material 
and field notes relating to the mathematics lessons, interview data which refer to 
mathematics, to learning and teaching in general, or which contrasts another 
learning area with mathematics. 

Each video tape was viewed a number of times and partially transcribed during this 
process. Interspersed with the viewing of the video tape, the interview transcripts 
were summarised in three stages. Although this is a much smaller study than that 
reported by Cobb (1995), the analysis of this data also “involved a continual 
movement between particular episodes and potentially general conjectures” (p. 35), 
albeit in this case the conjectures usually referred to the connections between beliefs 
and practice for the three teachers involved. We, too, recognised Lampert’s (1990) 
characterisation of the “zig-zag” path of mathematical activity from conjectures to 
proofs through the use of counter-examples (Cobb, 1995, p. 35) as applying to our 
data, when early conjectures about the nature of discussion were refuted by later 
data. 

Data and Results 

Results from the analysis are presented here in the form of necessarily brief case 
studies for each of the teachers. In order to present the results meaningfully the data 
from all sources for each teacher have been combined to give an overview of each 
teacher’s beliefs and practice. 

Helen — grade 5 

Helen describes her mathematics teaching as “reasonably traditional”, although it 
has “freed up a lot over the last few years”. She sees herself as having a “huge 
responsibility” in maintaining children’s self-esteem and wants “to keep them 
interested, to get them excited about the topic, to give them the basic nuts and bolts 
stuff’. 

A typical lesson starts with “something that is a fun thing” followed after 10 or 15 
minutes by “some sort of demonstration on the board”. After this, children typically 
work in groups while Helen works with a small group on the floor. Sometimes 
there is some “peer tutoring”. Helen still wants the grade 5’s to use materials and 
likes “the children to get together and discuss answers”. She rounds the lesson off 
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“with us all marking together and discussing that”. She believes that children learn 
maths best by “sharing ideas, doing examples, [and] applying it to another level”. 

The lesson observed begins with an 11 minute mental computation competition 
involving pairs of children answering questions such as “three quarters of 32 and 
six”. Children are occasionally asked to explain their reasoning. For example: 

Teacher: Point seven of 90 take away six? 

Stephen: 57 

Teacher: ... are you instantly seeing the connections between the numbers? What is the 
connection? 

Stephen: Seven tenths of 90 . . . I’d say, um, ten tenths is one. It’s just nine because all the 
tenths add up to nine. Then I do 7 times 9 is 63 and I took the six away. 

Teacher: You’re seeing 7 nines are 63? 

Stephen: I just take off the zero. 

Teacher: (to whole class) Is point seven less than, equal to or greater than a whole number? 

Chorus: Less. 

Teacher: So ... in that part of the sum it’s always going to be less than you started with, 
less than 90 .. . 

This interaction involves both univocal (transmission) aspects and dialogic (thought- 
generating) aspects (see Wertsch & Toma, 1995, p. 167). However, the vast 
majority of the interactions observed in this lesson were of a univocal nature, 
usually in the “Initiation-Reply-Evaluation” (IRE) form (Mehan, 1979). This was 
particularly true in the 18 minute “demonstration” segment of the lesson which 
followed the quiz, with questions such as “If one person is 12° [on the pie chart], 
how many degrees would five people be?” asked frequently. 

Throughout, Helen assumes responsibility for the children’s learning. This is 
particularly evident in the 22 minute segment where children work on the task of 
producing a pie chart and where most of her time is spent answering children’s 
questions when they have difficulties with the task. She often answers children’s 
questions with questions of her own, but these almost invariably form a carefully 
selected sequence of IRE interactions. IRE was also the typical interaction pattern in 
the six minute “sharing time” at the end of the lesson where children displaying 
their work to the class, were asked closed questions like “What is the biggest section 
of your pie chart?”, “How many hours?”, “How many degrees?” , rather than being 
asked to describe or explain their pie charts in a more conceptual manner. 

Helen herself sees the purpose of discussion as “at the beginning ... to set the 
parameters, set the goals, set the guidelines”, while “discussion at the end is very 
important because it ties it all together ... who got it, who thinks that they are on 
the right track, who thinks they need some more time on this...”. However sharing 
time is primarily about “maintaining self esteem”. She also sees herself, across all 
curriculum areas, as a “facilitator ... encouraging the children to share ideas among 
themselves ... without dominating”, although “a lot of the English discussion comes 
out of their interests, whereas something like maths or science ... you tend to try 
and keep it on course”. 
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Anita — grade 4 

Anita shares the class with another teacher and is responsible for teaching the 
measurement, chance and data, and space topics only. She says that previously she 
has “worked a lot with groups”, where she would work intensively with one group 
while the others worked independently. With the current class, because of the 
“enormous range of ability levels”, she has “done quite a bit more class work, 
where it is an individual challenge. So the kids start off at a fairly low level and 
some of them will zoom ahead”. Anita often has two activities, one of which she 
identifies as the “focus activity”, with half the class doing each so that she can have 
“just 15 children that I could get around to”. She likes the children to use materials 
and work on open-ended tasks, that sometimes are altered by the children as they 
work. 



The lesson observed begins with an 8 minute introduction to the two tasks, during 
which Anita says: “Don’t forget to keep talking to each other and build on each 
other’s ideas”. Children in each half of the class loosely work in groups; for 
example, the focus activity asks children to make towers with a given number of 
plastic bricks in two colours and find a way to label each tower to show how many 
bricks are in their “special” colour. Children in any one group use the same 
“special” colour and the same number of bricks in each tower. Anita expects that 
some children will rename and recognise equivalent fractions, while others will 
increase their understanding of what fractions like 3/10 mean. She tells children that 
“I am going to be really interested in talking to you as you are working”. 



Although there is a great deal of talk during the main part of the lesson whilst 
children are working, there is little evidence that the children work together. In this 
part of the lesson, Anita circulates and speaks with individual children, frequently 
asking them how they are going to label their towers and telling them to think about 
it. The fact that the focus group is involved in such a self-sustaining activity allows 
her to do this. 



On several occasions, Anita stops the class to discuss the task. For example: 



Teacher: I want you to look at the labels you’ve got and see whether or not there might be 
another way of labelling some of your towers. Ingrid has two labels for one of her 
towers. What do they say? . . . Hold up your tower . . . How much is green? 

Ingrid: One half. 

Teacher: What’s the other label you have for that tower? 

Ingrid: Um ... 

Teacher: You’ve got it written down there. 

Ingrid: Eight over sixteen. 

Teacher: Eight sixteenths . Well done. That’s to give you a bit, of a clue. Can you make 
some different labels that will still be true about your towers? Stop making towers. 

* Just concentrate on your labels. 



Sixteen minutes after this she asks the whole class to listen to a discussion where 
children with 3 or 4 labels for the same tower discuss their labels. Michael has 1/2, 
6/12, 2/3 and 2/4 for the same tower. Anita tells the class that Michael is not sure 
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of one of them and that he is going to check it, which he does some time later. In 
essence, there is considerable discussion which tries to build on student ideas in this 
part of the lesson, however it is not clear at times which children are intended to 
participate. 

In the sharing time Anita tries to build up children’s self-esteem “by asking 
something that I know they can contribute” although she acknowledges that 
“sometimes kids get left behind [in discussion] because they are not following what 
the others are talking about ...” She expects, too, that the children doing the other 
activity also will learn from the sharing time ‘because the second group learns from 
what the first group has done”. 

Barbara — Kindergarten & grade 1 

Barbara believes that children learn best by doing, having success, using materials 
and playing or experimenting. She describes a typical mathematics lesson as starting 
with some oral activities, within which “I might alter the questions I ask children 
according to their ability”. She would then “set the scene” for groups to either work 
on different activities at their own level, or the whole class on an open-ended task. 
This is followed by a “sharing time”. Both the lesson observed and the one 
described in answer to the question about a typical activity are strongly linked to 
content throughout the lessons. 

Barbara sees different possible purposes for sharing time. One purpose is exposing 
children to different ways of finding a solutions (to which she refers frequently in 
the interview) allowing children to hear others describe tasks they have not yet tried 
themselves, and a second purpose is that of building self-esteem. 

Even though the children are very young (5- to 7-year-olds) Barbara “would be 
going around saying to them ‘how did you find that out, what did you do?’ ... 
putting it back onto them to try to explain to me what they have done, getting them 
to try and help each other”. She wants them to feel “that they can say what they 
think, hopefully with something to back it up, and if they haven't got anything to 
back it up with, well, maybe they’re not right, but it's still fine to give your 
opinion, and then go back and check”. She believes that discussion is important “in 
helping them form their opinions and be able to justify their opinions” in all 
curriculum areas. 

In the lesson observed, it is clear that both the teacher and the children share these 
expectations. For example, near the beginning of the lesson, Barbara asks a group 
of seven children to stand in a line. She then asks Yvonne to find the middle of the 
line. Yvonne points to Robert, who is in the middle. 

Teacher: Is that the middle? How can you prove that? How do you know that’s the middle? 
Yvonne: Because there’s three on that side and three on that side. 

Teacher: Does there always have to be three on that side and three on that side? 

Yvonne: No. 

Teacher: Well how do you know then? What’s another way of explaining it? Can you 
explain it a different way? 
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Although several children have their hands up at this stage to explain it in a 
different way, it is not until the discussion has continued for a several minutes, with 
many different children involved and extra children have been progressively added 
to each side of the line that Barbara asks the question again: 

Teacher: Who can explain that? 

Kathy: They’re equal. 

Teacher: What’s equal? 

Kathy: The five on each side. 

There are many similar occurrences throughout all stages of the observed lesson, 
while in the sharing time at the end there is an example of children building on one 
another’s solution strategies. 

In this classroom, not only are there well-established social norms relating to 
discussion, but the teacher and children have, in Yackel and Cobb’s (1995) sense, 
socio-mathematical norms for what counts as acceptable explanations and 
justifications. 

Conclusion 

Superficially, all three teachers in this study showed remarkable consistency 
between their beliefs and practice. However, when you view the teachers together, it 
becomes clear that there may be ways in which they could redefine their practice to 
be more conducive to achieving their ultimate goals and that some of their current 
practice might in fact be antithetical to these goals. 

For example, while all three teachers saw enhancing children’s self-esteem as an 
important goal, they used substantially different strategies to achieve it. Helen saw 
sharing of ideas as important for self-esteem, but in fact had few strategies for 
enabling children to genuinely contribute their own ideas or findings to the 
discussion. Anita also hoped that children would build on one another’s ideas 
through the sharing time, and allowed 10 minutes for 30 children to individually 
participate. She lamented that this did not leave her time to follow up children’s 
thoughts and ideas. Barbara, on the other hand, accepts the fact that discussion may 
expose children “to things that they are not ready for but they can hear a little bit 
about”, but alters her questions to allow everyone to contribute. 

It is clear from the diversity of practice of this sample of three teachers, that 
Cooney & Shealy (1997) are^correct in claiming that knowledge of current practice 
and belief structures is a necessary first step towards effective teacher development. 
Further, if Yackel’s claim (1994, p. 386), that a first priority is to make 
problematic aspects of teachers’ current practice, is correct then knowing this 
current practice is also essential. We propose to investigate more widely the current 
beliefs and practice concerning the nature and role of discussion and then, armed 
with this knowledge, to investigate whether teacher practice can be made 
problematic through teachers working as a community of inquiry to examine their 
own and one another’s practice. 

O 
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PROOF IN GEOMETRY 

AS AN EXPLANATORY AND CONVINCING TOOL 

Nurit Hadas & Rina Hershkowitz 
The Weizmann Institute, Rehovot, Israel 



The goal of this paper is to show some tnutual relationships between design 
of activities aimed to put students in geometrical situations where they feel 
the need for proof and cognitive research on students' actions in such 
activities. We exhibit an example of the development process of such an 
activity in several cycles of design , experimentation and analysis , by 
describing the work of two pairs of students in two different cycles of the 
development. We also analyze the task as well as the work of the students. 
Finally, we discuss principles of activity design for leading students to feel 
the need for and to produce proofs by deductive reasoning. 

Introduction 

For generations proofs were considered as tools for verifying mathematical statements 
and showing their universality. Hanna (1990) mentioned Leibniz who believed that "a 
mathematical proof is a universal symbolic script which allow one to distinguish 
clearly between fact and fiction, truth and falsity"(p.6). According to this approach 
the two classical roles of teaching proofs were to teach deductive reasoning as part of 
the human culture to be learned by human beings, and deductive reasoning as a vehicle 
for verifying and showing the universality of geometrical statements whereas 
experimenting, visualizing, measuring, inductive reasoning, and checking examples, 
were not counted for this purpose. 

Recently there has been a change in this approach; it seems that there is a consensus 
that deductive reasoning — proving -- still has a central role in geometry learning. 
However, the classical approach is now enriched by new facets and roles. The most 
important contribution is due to the development of dynamic geometry software such 
as the Geometry Inventor (Logal, 1994). A main pedagogical feature of many 
dynamic geometry based learning environments is that students are partners in the 
discovery of geometrical facts and in the reinvention of geometrical relationships, by 
means of exploration and inductive reasoning (Goldenberg & Cuoco, in press). 

As a consequence of changes in mathematics and mathematics education, which where 
amplified by the existence of these tools, two roles of proof will be discussed here: 
Convincing - deductive reasoning as a vehicle for convincing oneself and others that 
a geometrical statement which was rediscovered or conjectured is true, and 
explaining why the rediscovered conjecture is true (Dreyfus & Hadas, 1996). 
Recently, it has been argued that when Dynamic Geometry software is used in 
rnirg geometry, conviction can be obtained quickly-- and relatively easily (by 
)n and experimentation), and therefore proof become less important. For 
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example, de Villiers (1997) argues that in learning with or without dynamic tools, 
convincing someone of the truth of a conjecture should take precedence over the 
process of proving, and the only important role of proof in a dynamic environment is 
as a tool for explaining. 



We claim that, by careful design, based on experimentation and cognitive analysis of 
students' actions, situations can be constructed where students will had a need for 
proof, both for conviction and explanation: (i) Conviction by explanation in 
situations where the findings themselves, even while working in a dynamic geometry 
environment, are not convincing, (ii) The need for explanation in cases where the 
findings are convincing but surprising, and the surprise causes the need to understand 
why . 

In this paper, we will exhibit an example of the development process of such an 
activity which has several cycles of design, experimentation and analysis. We will 
describe the work of two pairs of students in two different cycles of the development, 
and analyze the task as well as the work of the students. Finally, we discuss principles 
of activity design for leading students to feel the need for and to produce proofs by 
deductive reasoning. 

The activity 

About 6 months into a geometry course with the use of the Inventor, two pairs of 9th 
graders, worked on the following activity: 



Task 1. Which values can the base angle of an isosceles triangle have? explain ! 

Task 2a. Follow the median and the angle-bisector from the same vertex, in a 
"dynamic triangle ". What can you say about the triangle when both 
segments coincide? 

Task 2b. Draw the median and the angle-bisector from the other two vertices. Try to 
find a situation where two pairs coincide and the third pair does not. Explain! 



Task 3. Divide the side AC of a dynamic triangle into 3 equal segments. Connect the 
division points to the vertex B (Fig. 1). 
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Investigate the relationships between the sizes of the 3 varying angles (<ABD, <DBE, 
and <EBC). Explain ! 

Interviews with two pairs of students working on this activity were videotaped and 
analyzed. Here we will discuss mostly the third task, for which the first two form part 
of the "pedagogical history". It is worth noting that in a previous lesson the students 
were engaged in another activity in which they concluded that if two triangles are 
equal in two sides and the angle opposite one of the two sides, then either the triangles 
are congruent, or the sum of the two angles opposite the second side equals 180°. 



The interviews 
First pair of students 

In task 1, Tammy and Shiri, two girls, concluded that the size of the basis angle in an 
isosceles triangle varies between 0° and 90°. In task 2a. they concluded that when the 
median and the angle bisector from a vertex coincide, then the triangle is isosceles. 
After drawing Figure 1, they soon guessed that the three angles have to be equal. 
Using the measuring tools on the 3 angles, they were surprised for the first time. The 
following are some excerpts from the interview (1= interviewer): 



I: Try , if you can, to find situations where the 3 angles are equal and characterize 

these situations. 

The girls changed the triangle by dragging and watched the change of the angles 

visually as well as numerically. 

Shiri: There is a situation where all of them are equal. 

Tammy: When A and C (the vertices) are moving apart the middle angle takes all the 
angles (she means degrees) from others two. 

I: What will happen if you will drag only A? 

Tammy: Then the outside angle (<ABD) will become very small and will not be equal 
to the other two. May be when <B will be very small the angles will be 
equal (she dragged B until the triangle shrunk to a segment). Oh, but it is 
not a triangle anymore. 

Tammy who relates consistently to the process of the visual change she creates, 

accompanies all her claims by hand movements. 

Shiri, who was observing Tammy's actions quietly, interferes: The three triangles 
can 't be congruent. 

I: Why? 

Shiri: Let's take an example where the two angles are equal (points on <ABD and 

<DBE) than AD is the angle bisector and median as well, and AABE is isosceles. 
If the other two angles are equal as well than ADBC is isosceles as well, and then 
*'\e three triangles are congruent. In this situation we will have 6 equal angles 
g J^Q'he marked angles in Fig. 2) ^.but, we saw before (Task 1) that the base 



angles in isosceles triangle are always less than 90°, and here the two are 
adjacent angles and this is impossible situation. 

The two girls are discussing together, Shiri explains again her claims to Tammy and 
writes down her explanation. 
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Figure 2 

We point out two main issues here: The students’ need to be convinced by an 
explanation and the resources they make use of in their explanation. The students' 
need to be convinced arose from their surprise when obtaining unequal angles and, 
even more so, by their failure to find even one situation where the angles are equal. 
The fact that it is impossible to check all cases made the students feel the need for 
general considerations whether there is a situation with three equal angles, and if not, 
why not. Tammy, who was more active at the beginning, tried use the dynamic tool 
to visualize extreme cases. When both girls saw that they cannot get to a final 
conclusion by working with the software only, Shiri, the silent but very involved 
partner, took over and began to propose deductive arguments. The resources for her 
deductive explanation were the history of what they did in the previous two tasks (and 
in earlier activities). Another very crucial point in this situation is that the students 
were fully convinced only by the deductive explanation— proof — even if it is not 
written formally, and if not all details are specified. 

Second pair of students. 

In task 1. Tommer and Lior, two boys, saw immediately (without using the software) 
that the size of the base angle in isosceles triangle is changing between 0° and 90°. In 
task 2a. they used the software to explain that one gets an isosceles triangle when the 
median and the angle bisector from the same vertex coincide: They did it by reflecting 
the triangle. 

The interviewer presented task 3 by drawing a sketch of figure 1. Lior thought that 
the three angles were equal, and Tommer responded: "Why? It does not have to be 
like that because if triangle ABE is not isosceles, than BD the median does not have to 
be an angle bisector . " 

The boys then used the software to find situations where the three angles are equal. 
They conjectured that this will happen when the triangle is equilateral and they 
checked their conjecture with the software . When they found that the angles are very 

close (19.10, 21.8°* 19.19)) but not equal, they returned to the general triangle to look 
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for cases in which the angles are equal. The interviewer suggested to use the graph 
option and asked: Suppose we will draw three graphs , describing the change of each 
angle when AC/3 (the opposite segment) is changing , in the same coordinate system. 
What on the graph will show situations where the three angles are equal? 

Note: In the graph option, the graph of the changing variables is drawn in real time, 
while dragging the geometrical shape. 

Tommer replied: This will happen when the three graphs will have a common point. 
Guided by the interviewer the boys built a triangle were AB=4 and <A=30°. While 
drawing the graphs they guessed and discussed the characteristics of the graphs. After 
drawing the first two graphs, (See Fig. 3), Tommer claimed: There is no need to draw 
the third graph , because it will pass through the common point of the first two. So, we 
have the situation we look for. 




confirm or refute the above. However, Lior continued with drawing the third graph 
(Fig. 4), which "surprisingly” did not passed through the common point of the other 
two. 




Figure 4 



They concluded that they will never have three equal angles, and started to look for 
explanations, in spite of the fact that the Interviewer remarked that they had 
investigated a special case of triangles only. Lior dragged the triangle to match the 
intersection points of the graphs, and started to speak about congruence triangles, but 
was stopped by Tommer who exclaimed: I know, I know! and explained: If DB is 
both median and angle bisector in AABE, than the triangle is isosceles and BD is a 
height as well, and the same for BE in ADBC, and we cannot have two perpendiculars 
to AC from vertex B. 

It seems that Tommer realized that each intersection point expressed a situation of an 
isosceles triangle. 

Lior, like the two girls above, was expecting the 3 angles to be always equal, while 
Tommer realized from the beginning this is not necessarily the case. But Tommer was 
also convinced that there are situations where they are equal. The fact that the three 
angles in the equilateral triangle are very closed (19.1°, 21.8°’ 19.1°), supported their 
intuition that they can find a case of equality, and therefore Tommer even suggested 
not to draw the third graph. 

The real surprise, in this interview, arose only when the boys realized that the three 
graphs do not have a common point. In spite of the fact that they were already 
convinced that the three angles will never be equal, they felt the need to understand 
why and to explain it deductively. Tommer's resources of explanations resulted from 
the action of matching between the different representations of the intersection points, 
and like Shiri’s, from previous tasks, in particular task 2. 
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Conclusions 

The goal of this paper is to show some relationships between the design of an activity 
with certain pedagogical purposes, and cognitive research on students' actions in this 
activity. 

We started from a pilot version of the activity designed, according to our beliefs and 
experience, to fit the learning of proofs as a tool for explanation and conviction. This 
pilot version formed the basis for the first interview. The analysis of the interview 
lead us to a second version of the activity, according to which the second interview 
was planned and carried out, (as well as analyzed in view of a third version of the 
activity). We will now summarize the first two cycles, the final version (at least for 
now), and some global principles for the design of activities for meaningful learning 
of proofs in geometry with a dynamic tool. 

As expected, the activity in its first design resulted in a surprise for the students. This 
surprise caused the need for an explanation in order to understand the surprising 
findings, and to be convinced of their truth. Clearly, the two girls in the first 
interview were not satisfied by visual considerations, while dragging the vertices and 
changing the triangle, and therefore moved quite smoothly to deductive explanations. 
We decided to enlarge the investigated problem situation by inserting an additional 
tool -- the graphical representation of the varying angles. In this we had a twofold 
goal: (i) To create an additional potential source for explaining and/or convincing. 

(ii) To expand the students’ conceptions of the variables, the way they are varying, 
and the relationships between the geometrical, the numerical, and the graphical 
representations of this variation. 

The graph option in the second version, was tried in the second interview. Although it 
had a great power of conviction for these students, the need for explanation arose 
even more explicitly. It is worth to note that the matching between the intersection 
points and the corresponding geometrical situations was an additional source for 
constructing students' explanation, which in the end was built deductively. 

We decided to add another item in which we will try to persuade students to check the 
graphs for additional cases of the givens, for example, to attempt to make the three 
intersection points close by choosing a larger value for <A. After checking the 3 
graphs for few similar situations, we expect students to realize that such checking can 
not solve their uncertainty, and that only the understanding why the three angles will 
never be equal has the power of convincing. Goldenberg, Cuoco, and Mark (in press) 
said that ”a proof, especially for beginners, might need to be motivated by the 
uncertainties that remain without the proof, or by a need for an explanation of why a 
phenomenon occurs. Proof of the too obvious would likely feel ritualistic and empty". 
There is no doubts that a situation like in the above activity, where one can not find 
any example for her/his conjecture, has the potential to create uncertainty of this kind. 
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In conclusion we would like to sum up global features of "activities that induce the 

need for explaining and convincing" which were demonstrated by the development of 

the above activity. 

The need for explanation was raised by: 

• a surprise caused by the contradiction between the conjectures and what students 
got (or could not get) while working with the dynamic tool. 

• a situation where one can not find any example for a conjecture he or she made. 

• the multiple representations of the situation (geometrical, numerical and 
graphical). 

The resources for explanation and conviction, were constituted by: 

• Conclusions based on previous tasks. The activity is planned as a sequence of 
interrelated from a contextual point of view, as well as by their potential to serve 
as resources for explanations . 

• The possibility to have analogies in the three representations: in our activity the 
numerical and geometrical meanings of the intersection points of the graphs. 



References 

De Villiers, M. (1997). The role of proof in investigative, computer- based geometry: 
some personal reflections. In J. King & D. Schattschneider (Eds.) Geometry Turned 
On! Dynamic Software in Learning, Teaching, and Research (pp. 15-24). 
Washington, DC: The Mathematical Association of America. v 

Dreyfus, T. & Hadas, N. (1996). Proof as an answer to the question why. Z.D.M. 
International Reviews on Mathematical Education, 96(1), 1-5. 

Goldenberg, E. P., Cuoco, A. A. and Mark, J. (in press). A role for geometry in 
general education? In R. Lehrer & D. Chazan (Eds), Designing Learning 
Environment for Developing Understanding of Geometry and Space. Hillsdale, NJ: 
Erlbaum. 



Goldenberg, E. P. & Cuoco, A. A. (in press). What is dynamic geometry? In R. 
Lehrer & D. Chazan (Eds), Designing Learning Environment for Developing 
Understanding of Geometry and Space. Hillsdale, NJ: Erlbaum. 



Hanna, G. (1990). Some pedagogical aspects of proof. Interchange, vol. 21, no 1 (pp. 
6-13). 



O 

ERIC 



Geometry Inventor..3l^4)* Logal Educational Software and Systems Ltd. 



The case of Rita: "Maybe I started to like math more" 



Markka Hannula 
University of Helsinki 

Abstract 

This article is a case study of the dynamics of attitudes of one seventh- grader. First 
I present her negative attitude towards mathematics ("stupid", " You don’t need 
math in life"), then how a negative emotion develops in a problem solving situation. 
From insecure beginning it changes through frustration to rejection. She works in a 
group and this emotional process is connected with a social process. / suggest that "I 
don’t need this" is her defence strategy , and that similar emotional experiences are a 
reason for her negative attitude. Within half a year her attitude towards 
mathematics changed drastically ("mathematics is quite nice"). The reason she gives 
for this change, is that she has "been understanding it a bit more". 

Previous research and theoretical background 

Mathematics is a school subject that many pupils have quite emotional relation with. 
Satisfaction and joy often accompany a successful solution of a problem (McLeod, 
1988). On the other hand many hate mathematics, even panic about it (Buxton 
1981). 

On classroom level the general attitude of the class towards mathematics is clearly 
related to teacher quality (as perceived by the pupils). During the junior high 
school the social-psychological climate of the class is also becoming an important 
determinant of class attitude. (Haladyna et al., 1983) 

The dynamics of attitudes are not well understood. Attitudes tend to become more 
negative as pupils move from elementary school to secondary school. Efforts to 
promote desired affects of students have usually induced only slight changes and 
sometimes even contrary to expectations. (McLeod, 1994) 

Some success has been achieved. Mathematics anxiety has been reduced through a 
psychological treatment called systematic desensitisation (Hembree, 1990). Nation- 
wide policy in Australia to promote girls' participation in mathematics has been 
successful (Blackmore et al. 1996). 

McLeod (1988) sketched a theory of affective issues in a problem solving situation. 
He suggested the following aspects to be studied: the magnitude, direction, duration, 
level of awareness and level of control of the emotion. Qualitative approach has 
given us new insight in this field. Hart and Allexsaht-Snider (1996; in McLeod, 
1994) brought up the notions of "belongingness" and "resistance" as central aspects 
to study of motivation. Goldin (1988, in DeBellis and Goldin, 1997) presented 
"affective pathways" as a structure for the dynamics of affective domain in 
mathematics. These pathways are established sequences of states of feelings that 
interact with cognition and suggest strategies during a problem solving process. 



DeBellis and Goldin (1997) presented a model, where four components interact on 
individual level: emotional states, attitudes, beliefs, and values/morals/ethics. 
Interaction with environment is also included in the model. 



Research project and the focus of this report 

This research explores how pupils’ beliefs about and attitudes towards mathematics 
are changing through their lower secondary years (grades 7 to 9). A type of action 
research is fitted to the project, in which the author acts as a teacher researcher: 
one class will be taught mathematics for these three years (August 1996-May 1999) 
with an attempt to implement girl-friendly pedagogy. Pupils will be observed in 
school, and pupils, their parents, and their other teachers will be interviewed. 

This report focuses on the dynamics of attitudes of one particular pupil. This case is 
especially interesting, because Rita’s attitude has changed to desired direction. 

Methodology and data 

I work with enactivist methodology, where the two key features are "the importance 
of working from and with multiple perspectives, and the creation of models and 
theories which are good enough for , not definitively of ’’ (Reid, 1996, p. 207). 
Qualitative approach was chosen to understand the dynamics on individual level. 

Large variety of data on Rita was available for me as her teacher and form master. 
I have tried to reach the multiplicity of perspectives through discussions with Rita's 
other teachers and fellow researchers. I have reviewed the material several times 
and selected some parts that I felt to be relevant. Theories from women's studies 
and beliefs research have helped to understand the case. 

This paper relies mainly on two interviews (December 1996, May 1997). Some 
episodes that were recorded in my diary and a few lines from a third interview 
(December 1997) will be used too. 



The code-key for the transcription: 

(x.y); (.) pauses: x.y seconds; less than 0.5 seconds 

(-); (text) unclear speech: one word; several words; possible words 

wo(h)rd word has been spoken laughing 

[textl]; [ text2 ] texts 1 and 2 spoken simultaneously 

= talking continues immediately after the other speaker 

{text}; (...) editorial comments: about context or tone of voice; text omitted 



" You don't need math there in life" 



At the time of the first interview I had been teaching the class for four months. Rita 
didn’t do homework regularly and she was occasionally disturbing the class. I 
evaluated her success satisfactory. In this interview there were also two other girls 
from the same class. Rita’s comments were not too flattering for me as her teacher. 

[13] Rita: Mmmm. It {mathematics} was nicer in elementary school than in 
secondary school. 



[25] I: Describe me a lesson that you remember from elementary school. 

[31] Rita: Help. (.) errr (.) I don't remember anything but at least we had so, that 
when we had then the multiplication table {...} And alike. I don't remember 
anything, it was so stupid. 

[38] I: What has been most boring? 

[39] Rita: The, thethethethe story problems. 

[40] Maria: I think that story problems are [sort of...] 

[41] Rita: [I don't understand] them [ever]. 

Maria continues telling how she prefers story problems over routine tasks. Rita 
changes the subject. 

[49] Rita: You don't need math in life. I think. Because I do know enough math to 
manage when I go to buy a shirt or need to know the time or such. | 

The other two girls insist on mathematics being useful in different professions and 
in shops. Rita assures that she can do all that. The discussion goes on. 

[89] Rita: I can't explain, but in a way like (1.0) now when we have really strange 
things in math. All that we have had at elementary school, all fractions and 
such, and these you do need, but not these (1.1) these other things. (1.6) 
These, I cant explain, the things that come for example on ninth and at high 
school. You don't much need those there in life. 

In Rita's last sentence the word 'there' reveals how she sees school life alienated 
from real life. In the real life out there, she doesn't need the mathematics that is 
taught in school. She already masters what she needs. 

" You don't need this ” is a defence strategy 

In the first interview I gave the group of girls three tasks to solve together. I gave 
the written tasks one at a time and recorded their solving process. Here I shall 
summarise the process and concentrate on Rita's contribution. 

Task 1. Salla is working on an abstract painting. She has divided an area with 
straight lines into parts. She wants to paint the picture with as few colours as 
possible. Parts that are side by side, may not be of same colour, but those touching 
only in corners may. How many colours will Salla need. (Below the text was a 
picture that could be coloured with three colours.) 

Maria and Lisa start solving the task together, trying to find out one possible 
colouring. Rita's comments are few, and she gets no response. From the discussion 
I extracted here all Rita's statements and some discussion where Rita is interacting. 
The running time is shown on the right side. 



[277] { Beginning the task } { 0.00 } 

[293] Rita?: [(-yellow)] {0.43} 

[308] Rita: I don't like this t(h)ask at all. {115} 

[325] Rita: Yhm. Yes {2.00} 

[327] Rita: Is this then yellow, 'cos that (-). {2.03 } 
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[332] Rita: How come it's blue then? (2.18 } 

[333] Lisa (to Maria): Yes, probably it would go with three colours. 

[334] Maria (to Lisa): Three colours. 

[335] Rita: Hey! Because that one is yellow. (3.0) Mm? (2.20) 

[336] Maria (puzzled): What did you say? 

[337] Rita: Why you put that blue? (2.30) 

Rita gets an explanation and thereafter continues together with the other two. 

Rita seemed to have difficulties in the beginning. I had to tell the girls to move 
closer to another so that Rita could read the task. At the beginning of the solving 
process she got very close to frustration. After two minutes there was the first sign 
of understanding. When she tried to break in, the other two seemed to ignore her 
first, but she was persistent and was taken in. 

The second task was an estimation of letters in a given book. Rita understood the 
task at once and was an active contributor in the solving process. 

Task 3. Addition, subtraction, multiplication and division are operations. Let's 
define a new operation # in a following way: 

When a and b are numbers, then a#b = (a+b)*(a-b). 

An example: 2#3 = (2+3)*(2-3)= 5*(-l)=-5 

a) Do the following calculations: 

2# (-3) = 

(-2)#3 = 

(-2)#(-3) = 

b) In addition you may change the order. For example 2+3=3+2. 

May you change the order in the defined operation #? 

This was a difficult task and there was 16 seconds of silence after they had read the 
task. The beginning was similar to the task 1, where Rita was left as an outsider as 
the other two did the solution. In this case however her persistence didn't last long 



enough. 

[486] (Rita's last effort to contribute) (0.00) 

[500] Rita (tired voice): (That is) a nice (task). (0.50) 

[508] Rita (half yawning): What would have been the right answer? { 1.15 } 

[513] Rita (offers chewing gum): You want some? [ 1.24) 

[515] Rita (checks if she has more): Let me see. 

[518] Rita: I don't understand a piffle of what they are even trying to do 

the(h)re. (1-42) 

[528] Rita (parodising Lisa and Maria): Minusminus five minus minus six hundred. 
(1.7) Look, you don't need this for example in your life. (2.40) 

[530] I: Yhm. 

[531] Rita: These are exactly the kind (I mean). 

Here Rita claims that this kind of mathematics is not needed in life. However, that 
does not seem to be the reason for her giving up work. First she tells, that she 
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doesn't understand. Next she taunts the task. Finally she tells, that this kind of 
mathematics is not needed. 

Rita's process fits with what Goldin (1988, in DeBellis and Goldin, 1997) calls 'a 
negative pathway*. There frustration turns into anxiety, and despair and these 
emotions evoke defence mechanisms, avoidance, and denial. You can also see how 
emotions (frustrated) awaken a belief in mathematics ("you don't need this for 
example in your life"). There is a link to values: this mathematics has no value. 

We may also understand Rita's actions using the terms "belongingness” and 
"resistance" (Hart and Allexsaht-Snider, 1996; in McLeod, 1994). Rita is willing to 
work with her peers. The other two don't seem to notice that Rita can't always 
follow. With the first task she was persistent and was able to break into the 
discussion. In the third task she remained outside and finally took a resistance- 
position. 

Could it be, that telling that some kind of mathematics is not needed actually is a 
defence strategy of the self? Being left outside is not easy for Rita. As she found out 
that she couldn't follow, she tried other approaches. She started to make ironical 
comments on the task. As the others ignored that too and even seemed to enjoy the 
task, she probably felt more and more rejected. So she made a counter-attack to 
reject the task. 

Rita's position of resistance can be seen also at her comments when I asked the girls 
how they liked the tasks. Rita thought the two first ones were OK, but the third 
task... 

[558] Rita: That was really stupid. You don't need such in life. 

[559] Maria: I liked to do that one especially. 

[560] Rita: You will certainly become some philosopher (-) when you grow up. 

Another episode from the next fall (Diary, 24.9.1997) reveals how this defence 
strategy is linked with understanding. A friend argues that she doesn't need powers 
and Rita replies - not claiming the need - but the easiness. 

Pia: What we need these powers for? {...} I don't need these. 

Rita: These powers are really easy. 

"I think that now mathematics is quite nice sort of” 

Rita did well in the next mathematics test and was very happy about it. She 
commented it several times, telling that this number was the best she had ever had 
in a mathematics test. In April she asked "What we need this geometry for?". 
Altogether she was more active during the spring than she had been during the fall. 
Her success in geometry test was poor, however. 

In May, at the end of school year my class filled in a questionnaire. One of the 
items was about the way they think about mathematics now compared to last year 
(Table 1). Most pupils' views of mathematics had changed during their first year at 
q J iry school. Rita was one of the two who stated the most drastic change. 
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Response 


-3 (totally disagree) 


-2 


-1 


0 


1 


2 


3 (totally agree) 


N 


2 


4 


4 


3 


1 


0 


0 



Table 1. Pupils' responses to the statement: "I think of mathematics the same way I 
did last year" 



I had individual interviews with pupils after the questionnaire. I asked Rita to 
explain her answer to this question. 

[153] I: Well here you had a strong opinion that you think differently about 
mathematics compared to last year. 

[155] Rita: Yes. Sort of now sometimes mathematics has been a bit more fun, 

because been understanding it a bit more. I have always had a six [the second 
lowest to pass} or something in math, so I've been a bit more along now. 

[158] I: Why so? 

[159] Rita: I don't know , maybe I have started to like it more . I think that now 
mathematics is quite nice sort of In elementary school I didn't like it at all. 

[161] I: (...) why math is more fun on secondary than on elementary level? 

[163] Rita: I don't really know. Maybe if I have learned more sort of tho... things 
sort of so it is easier to do it. I don't know. (3.0) Hm. 

Rita is clearly aware that she thinks differently about mathematics. Yet she doesn't 
know why this change had happened. The reasons she gives seem to be in circles: 
It's more fun because she has been understanding more , because mathematics is 
quite nice because she has learned more. 

What she said in the second interview about elementary school seems to contradict 
her statements in the first interview ("It was nicer in elementary school”). At that 
time neither of us remembered that, but I pointed these contradictory statements to 
her later (23.9.1997). Rita was astonished: "Oh, really? It must be because now I 
have begun to understand better". So she does not only understand now better than 
in elementary school, but also better than at the time of the first interview. 

Earlier in this second interview she had told about growing as a person. 

[27] Rita: I think a bit more what I do. And why I do. 

[28] I: Could one say that you have become more (.) considering? 

[29] Rita: Mmm. And I have sort of taken more responsibility on my own actions . 

She also had told that she wants to have a good profession and that next year she 
needs to spend less time with friends and study instead. Her career aspirations, 
however, are the same (not at all mathematical) as in December. I tried to connect 
her grown responsibility to mathematics learning. She doesn't accept this 
interpretation, but holds on to her own. 

[168] I: So has it come just because you have done a bit more work. I mean worked 
more conscientiously= 

[170] Rita: =[Yes, or] 

[171] I: =[And so] you have learned more, or is there something else involved? 



[173] Rita: Yes, or maybe I have been in a way more been a bit sort of interested. 

Or have been more in a way I don't really know (.) In a way. 

I take her by the word and ask her what she has liked in mathematics. This seems to 
be a difficult question for her to answer. She had to think for some time before she 
was able to squeeze out an answer. 

[181] Rita: (3.0) Hm (1.5) 7 don't know, sort of in a way (1.2) sort of { 2.0) that 
you need to sort off) sortofinmh (1.9) / don't know, mh, oh no, so that one 
needs to little (.) think over sort off ) such problemstasks. {...) Although it 
doesn't go right, it is still sort of (.) nice to think and even if it goes wrong, 
so it is nice to know how was it right so that next time could do it right. 

She told to like problems that require thinking. This statement was, however, far 
from spontaneous. Maybe she felt that she had to give some explanation. Because 
she couldn't specify any task she had liked, I didn't regard this statement reliable. 
Later in the interview, however, she suggested group projects for next year, where 
"drawing and considering, drawing and considering" would be needed. 

The next fall, after summer holidays Rita has been active in mathematics class and 
eager to learn. 

Diary (2.9.1997) 

[Rita was very active today.) 

Tina: Rita, you haven't been active in the class before. 

Rita: Yes, I have, haven't I? 

I: You have been participating, but I don't recall you being this active last 

year. 

Rita: Good. Then I will get a nine { the second best grade ) . 

In Rita's mind, liking seems to almost equal understanding. This can be seen in her 
comments from fall 1997. 

Rita: That [powers] is easy! That mu(h)st be the nicest thing exactly that one 
understands the topic, [third interview, December 1997) 

Diary (23.10.1997) 

[Introducing irrational numbers. Rita is having difficulties.) 

Rita: Now math is becoming stupid again. 

Diary (27.10.1997) 

Rita: We don't need these { irrational numbers ) anywhere, do we? 

Old habits die hard. As Rita is having difficulties with this topic she seems willing 
to fall back to her old defence strategy of rejection. But she does not. On the 
contrary. Although several weeks had passed since we needed irrational numbers, 
she told in third interview that she wants to understand this topic, too. 
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Discussion 



This report illustrates how emotions in a problem solving situation shape beliefs 
and values of Rita. Frustration and despair led her to label a task useless. How far 
can we generalise this? On more general level she disvalued mathematics. I am 
tempted to believe the reason is repeated lack of understanding? If we accept this 
one case, why can't this happen with some other pupils too, at least sometimes. 
Often pupils in the class ask "what we need this for?" The teacher should take it as a 
warning sign. Maybe they do not understand what has been taught? 

The second half of this story gives us hope. A drastic change, almost falling in love 
with mathematics was a simple process. It took only half a year and no special 
treatment was needed. But it is not simple. She has classmates whose attitudes have 
followed the more common line towards disliking mathematics. I haven't been able 
to distinguish any critical factor. Understanding was the key concept for Rita. Why 
did she understand, while some others didn't? Was it the test she did well or her 
more serious attitude towards school? What was the role of pondering problems? I 
believe the right cocktail of this all was necessary. 

This story was a pupil's story for her teacher. I tried to present it as authentic as 
possible, but the question of bias can not be ignored. Your task is to judge the 
relevance of this story. In Masons (1994, p. 184) words: "The test of validity is 
whether it generates convincing stories about the past, and whether it informs 
actions in the future". 
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ON TEACHING EARLY NUMBER THROUGH LANGUAGE 
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In an inner-city secondary school in Birmingham, 14 students aged between 1 1 and 
14 years of age were identified as having considerable problems with mathematics , 
partly due to a lack of confidence with number. These students were exhibiting many 
errors in their writing and reading of numbers which are common amongst children 
half their age . This paper looks at some developments in our own understanding of 
the issues involved as we devised and implemented a number recovery programme 
using a language based approach to early number work 

Gray and Tall (1994) have talked of a proceptual divide between those children who 
rely upon procedures, such as count-on, and others who use meaningful number 
facts, such as 7+2=9 so 70+20=90, as well as procedures (proceptual thinkers). Two 
of our students, Tim and Debbie,- illustrate this difference. Tim would consistently 
use a counting-on and counting-back procedure no matter which numbers were 
involved in a problem. For example, he took 2 minutes 52 seconds to answer 67-41 
incorrectly by mentally counting-back on his fingers. Debbie, on the other hand, 
could use flexible methods involving complements to 5 and 10. For example, when 
correctly solving 6+7 she said: add the two fives and then add the two and the one 
and then added them . Such differences in approaches are classified within various 
models used by Cooper, Heirdsfield and Irons (1996); Foster (1994); Wright (1994). 

Despite Gray et al’s (1997) warning: we conjecture that positive efforts to make the 
relationships implicit in proceptual thinking explicit to those that do not have the 
associated flexibility run the danger of being seen by some as a new set of 
procedural rules (p 121), we wanted to consider ways in which we could help 
students develop more flexible approaches. Gray et al (ibid) also conjectured that one 
cause of the proceptual divide is the qualitatively different focus of attention which, 
on the one hand places the emphasis upon concrete objects and actions upon these 
objects, and on the other on abstraction and the flexibility intrinsic within the 
encapsulated object (pi 21). We decided not to work with concrete objects but to stay 
with the language of number words and thus work metonymically, with the symbols 
(both written and spoken) rather than any meaning in terms of cardinality. Indeed we 
decided to reject such metaphoricjal tools as Dienes’ blocks for place value, instead 
staying with the metonymic structure inherent within the numerical symbols and 
their relationship with each other. iCobb and Yang (1995) observed that ‘place value’ 
was not taught as a separate topic in Taiwan, and the metonymic approach we are 
taking can also make this an unnecessary topic (Tahta, 1991). 
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In this paper, we describe some of the teaching strategies used, and the reasons 
behind the decisions taken, within a short four week recovery programme with one 
50-minute and three 1 0-minute sessions per week. The focus for the programme was 
to help students build confidence in being able to say and write whole numbers, and 
develop mental strategies for adding and subtracting whole numbers which 
encourage alternative approaches to those of count-on and count-back. We identify 
some of the factors and incidents which have led us to develop our own awareness of 
issues involved in helping students who, despite 6-8 years of schooling, have failed 
to gain a confidence with number. Thus, this paper is concerned with tracking our 
own awareness rather than reporting on the progress of the students involved, and as 
such we are working under the Discipline of Noticing outlined by Mason (1994). 

WORKING WITH WHAT IS AVAILABLE WITHIN THE LANGUAGE 

Regularising the language 

The difficulties inherent within the irregularities of English and European number 
names as opposed to the regularity of Chinese and Japanese are well documented 
(see, for example, Miura & Okamoto, 1989; Fuson & Kwon, 1991). An issue for us 
was how we would deal with such irregularities when we were going to work so 
closely with the spoken language of number names along with the written symbolism 
of number. Wigley (1997) points out that significantly, the greatest irregularity [in 
English] is in the second decade, so that learning numbers in the natural counting 
sequence does not help understanding of place value at that crucial point where it is 
first used! (pi 14). The multiples of ten are also irregular and Fuson and Kwon 
(1991) discuss the possibility of creating a ‘Chinese’ version of English where the 
word ‘ten’ is used (12 would be read one ten two). We decided to work with an 
alternative, regular, spoken language using one-ty (10), one-ty one (11), one-ty two 
(12), one-ty three (13), etc., and two-ty (20), three-ty (30), four-ty (40), etc. for the 
decades. This is suggested by Gattegno (1974) and has the benefit of fitting in with 
the regularity of the higher decade words: six-ty, seven-ty, etc. 

Students were introduced to the regularised language through whole-class counting 
tasks, such as counting up and down in ones, fives and tens, now referred to as "tys". 
We also used this language in conjunction with the tens chart (Gattegno, 1974, 1988) 
(see Figure 1), pointing at individual numbers on the chart and asking students to say 
them. The changes made in our spoken language of number names became 
increasingly apparent in the language spontaneously used by students and they 
became comfortable with the idea that one number can be said in two ways: 

EB: What number is that ? (points to 19 written on board) 

Jo: Nineteen 



EB: . How else can we say it? 

Students: One-ty nine 
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Figure 1 : Part of the tens chart, with the component parts of 3048 


highlighted 



Reflection on ‘Regularising the language’ 

In commonly used spoken language, the awareness of twelve as one ten and two is 
not available in the language, whereas this awareness is available if 12 is spoken as 
one-ty two (once the learner is familiar with -ty as ten). Thus, what is available to the 
learner solely from within the language changes as a consequence of the 
regularisation of the language. The structure of the tens chart reflects what is 
available in the regularised language. The digit words are represented horizontally 
(one, two,...), with the value words represented vertically (ty, hundred , thousand). 
Thus each component of a number can be thought of as a digit and a value. 



In the question, “ how many hundreds are there in five hundred? ”, the answer is 
clear from within the language. This is also the case with “ how many tys are infive- 
ty?” as opposed to “ how many tens are there in fifty?”. The regularised language 
helped us phrase questions to students in a similar way whether we were discussing 
hundreds, thousands or l tys’. It was also helpful for the students to hear the value of 
the tens digit within what they and their teacher was saying. However, there is a 
potential cost for the student in learning and using a new collection of number names 
which are specific to the social discourse of the classroom. Our experience so far is 
that students have adopted the new names quite readily but we are unsure at present 
whether any awareness gained from using the regular names will also transfer to the 
use of the normal irregular names. 



A lot from a little 

A guiding principle for us was to help students maximise what they could do from 
the skills they already possessed. We used stressing and ignoring as a teaching 
strategy to draw students’ attention to what is available within the language. For 
example, having established with the group orally that four plus three is seven, we 
would ask what four-ty plus three-ty, four hundred plus three hundred, four-ty 
thousand plus three-ty thousand would be. In a similar way we stressed parts of the 
spoken language to solve sums involving, for example, 3 + 4 = 7, such as 153 + 4, 
463 + 4, 7863 + 4. We extended these methods using language and the tens chart to 
work on a wider range of sums. The students were generally able to add a single digit 
to another single digit (whether by counting on or through more flexible 
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approaches). Thus, sums such as 425 + 300 could be done by doing single digi 
additions within the hundreds row of the tens chart. Likewise, 425 + 50 and 425 + 1 
each involves addition in only a single row of the chart. Then these were combinec 
to do all three together, 425 + 300 + 50 + 1, and written as 425 + 351. Despite the 
fact that most students were still at the stage where 4 + 3 = 7 was not available tc 
them as a known fact, all bar one of seven students attending the final fifty minute 
number recovery lesson (the exception being someone who had attended less thar 
half the sessions) attained an average success rate was 84% doing such calculations 
as 804 + 4124 mentally. Many of these students had previously been put off from 
even attempting such calculations because the numbers appeared too big to them. 

Reflection on ‘A lot from a little' 

A key issue for us within our own development is to identify which skills can, and 
which cannot, be developed from existing skills. For example, the above additions 
were carefully chosen to build on existing skills so did not to involve the new skill pi 
‘going over the top’ where a ‘carry’ is involved. At present we are considering ways 
in which we would involve the tens chart to help work on what happens when the 
addition involving digits of a certain value affect the digits of another value (e.g. 
3127 + 192: the addition of the ‘tys’ will affect the addition of the hundreds). While 
the students still needed to develop their knowledge in areas that cannot be worked 
on through the language, such as number bonds and partitioning, our work suggests 
that a lack of such number skills does not have to be a barrier to developing flexible 
skills for mental addition of larger numbers. 

MAKING EXPLICIT WHAT IS HIDDEN 

All of the students, at various times, demonstrated errors when reading and writing 
numbers with zeros in. Responses to writing down the number six thousand tx\>o 
hundred and fifty-one included 600251; 620051; 600020051; and 60251. There are 
clearly issues here for students about when and where to write zeros. The zeros are 
hidden both within the symbolic number notation and within the language. When 
writing four thousand three hundred and seventy six , the three zeros in four thousand 
(4000) are hidden in the final number 4376. A zero appears if the number changes to 
four thousand and seventy six, 4076, yet the zero itself is not spoken. 

From static to dynamic images of numbers 

The tens chart represents numbers in terms of their components, e.g. 4376 will be 
represented by highlighting 4000; 300; 70 and 6. The computer programme 
Numbers' allows students to see written numbers as the result of a dynamic process: 
the components of the number highlighted on the chart drop down the screen to 
become written as 4376. 4000 drops first, then the 300 fits over the top of the 4000, 
giving 4300, the seventy then drops down to create 4370 and finally the 6 falls into 



the units column leaving 4376. Our students practised writing numbers by asking the 
computer to highlight the components of a random number on the tens chart, writing 
down what they thought the number would look like written down and then checking 
by ‘sending down’ the components on the computer screen. 

Within Numbers , once a number is written as a single, static representation, any digit 
in the number can be highlighted and it will rise up above the number showing its 
component value. For example, if 3 is highlighted within 4376, it will rise up as 
‘300’, showing the zeros that are hidden in the static representation: 
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hidden zeros and computer 
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Reflection on ‘From static to dynamic images of numbers' 

Teachers have often used cards which have component parts of a number written on 
them (see Figure 2). These can be put together to form a multi-digit number. 
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Figure 2: Cards of the component parts of the number 386 

The computer program has an added element to such cards, as the component parts 
of a number can be seen as part of the tens chart, which represents the structure of 
the whole written number notation. The ‘risers’ mean that any digit within a number 
can be examined and the component part which it represents can be viewed. We 
differentiate here between a digit of a number, such as 8 in 386, and the component 
part which that digit represents, 80 in this case. The program also says the verbal 
number name for this component part at the same time as it ‘rises’: eighty or eight-ty 
- there are options as to whether the conventional names are said, or the regularised 
‘-ty’ names are given. The movement in the computer program helps students to see 
the components within the whole number and how they relate. Several students 
showed evidence of their own internal dynamic processes. For example, when given 
6441, shown in its components on the tens chart, Kay wrote 6440, then wrote a 1 on 
top of the 0. Andrew, when given the question 50042 + 3024 on his worksheet, wrote 
in a 3 on top of the first zero in 50042. The dynamic relationship between parts and 
wholes is one which we find very attractive as a pedagogic tool and helped students 
to see the value of a digit within the whole number. 
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Stressing that which is usually ignored 

In Catalan Sign Language there is a specific sign or movement for zero in the middle 
of a number. This creates greater transparency between the written and spoken 
languages (Fuentes, M. and Tolchinsky, L., 1996). With the tens chart, the absence 
of a digit in a particular row can also be seen as the presence of an empty row in the 
chart. We decided to use a teaching strategy which drew students' attention to the 
empty rows on the tens chart as a way to helping them develop greater expertise in 
reading and writing numbers: 



(The components of 4083 appeared on the computer tens chart) 

Brian: Oh God, I forgot to put... (Brian had written 483 but now put in a nought 

to make 4083). 

DH: (About half a minute later) You know when you forgot to put the nought? 

OK. It's no what? What have you got none of? 

Brian: Hundreds. 

DH: And have you shown that, where you put the nought? So what is it? It's 

no... We haven't got any what? Which row have we got nothing of? 
Several: Hundreds. 



It is possible to stress the presence of a zero in a number by saying it: 1076 can be 
said one thousand no hundreds and seventy six. Students showed evidence that they 
were making explicit the presence of zeros in a variety of situations, sometimes as 
suggested by the teacher and sometimes spontaneously: 

• On board: 2052 + 500 + 20 = 2572 

DH: (Indicating the first number in the addition) I’ve got two thousand... 

Brian: Two thousand no hundreds and five-ty two. 

0 Andrew wrote 526 when the component parts of 5026 were highlighted on 
the tens chart. When the computer sent down the components to make 5026, 
Andrew saw his mistake he said 1 forgot the hundreds. Here Andrew shows 
an understanding that the zero represents something, i.e. no hundreds. 

• When Kay was working on the task of writing numbers as the sum of their 
components, she seemed to represent the presence of the zeros as well as 
other digits: 

2003 = 2000 + 0 + 0 + 3 
2104 = 2000+ 100 + 0 + 4 

Reflectio n on ‘Stressing that which is usually ignored’ 

We feel that stressing an empty row in the tens chart has been useful in helping 
students become aware of the role the zero plays within written number notation. 
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Kay’s use of zero, to explicitly represent no hundreds and no tys , interested us and 
made us consider how we would write the numerical equivalent of no hundreds: 
000? And no tys: 00? Yet these both have a numerical value of 0. This raised for us 
an issue about the relationship between the verbal and written language. 

Not only is it possible to stress what is available in the language to assist the learner, 
it is also possible for both teacher and learner to stress aspects which are usually 
ignored within the language in order to create greater transparency and overcome 
some of the difficulties with zeros. Hughes (1990) found that young children are as 
adept at representing ‘ nothing * as they are at representing small quantities such as 
one, two and three ... It seems that this aspect of zero - representing the absence of a 
quantity - is not particularly difficult to grasp . Much more difficult is the use of zero 
in a place-value system (p89). One reason we suggest this is problematic is because 
the zero is not spoken, and so is usually hidden, within the number name. Yet at the 
same time, the presence of a zero in the written notation is crucial. So, although we 
have attempted to regularise the number names, there is still not a direct correlation 
between the written and spoken language. 

SUMMARY 



We consider that language can play of fundamental role in students learning about, 
and working with, number. Not only can the composition of numbers and the value 
of digits within numbers be worked on, but also addition and subtraction strategies 
can developed to offer greater flexibility for students. We have found that students 
can be encouraged to use larger units than ones (Steffe et al, 1983) in their counting 
strategies and so develop proceptual methods which are not just based on new rote 
learnt procedures, but are known through stressing the language inherent within 
number names. Through examining our own teaching strategies we are finding ways 
to help students exploit the language to help build their confidence and skills with 
number. In particular, we are developing our use of stressing and ignoring in 
different guises and in different contextual situations. We consider this to be an on- 
going process as we plan an extension to the number recovery programme. 

1 The computer program Numbers is being developed by the Small Software Working Group of the 
Association of Teachers of Mathematics. Details can be obtained from Dave Hewitt who is 
convenor of the group. 
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RELATING CULTURE AND MATHEMATICAL ACTIVITY: 

AN ANALYSIS OF SOCIOMATHEMATICAL NORMS 

Lynn Liao Hodge and Michelle Stephan 

This paper presents an analysis which relates students' and teachers' cultural 
backgrounds to their mathematical activity. We have used the elaborated interpretive 
framework of Cobb and Yackel (1996) to examine the negotiation of sociomathematical 
norms in two classrooms. We view individuals' participation in this negotiation as being 
reflexively related to how they participate in the practices of other communities , such as 
the school and community cultures. This analysis indicates a direction for future studies 
which attempt to examine the relationship between individuals' cultural backgrounds and 
mathematical learning. 

An extensive body of literature exists describing how students’ and teachers’ cultural 
backgrounds relate to participation in the classroom (Au, 1982; Delpit, 1988; Phillips, 
1972). Though these studies are helpful in emphasizing the importance of understanding 
the cultural backgrounds of students and teachers when examining events in the classroom, 
they are limiting in that they are content-free. They explore norms of participation which 
exist in all classrooms, but they do not describe how the cultural backgrounds of 
individuals relate to learning in particular content areas. The intent of this paper is to 
build on the work of these authors by relating students’ and teachers’ cultural backgrounds 
to mathematics learning. Specifically, the purpose of this paper is to show how the 
analysis of the negotiation of sociomathematical norms may be used to relate the cultural 
backgrounds of individuals to their mathematical activity. To this end, we will clarify 
what we mean by sociomathematical norms and how they relate to social norms. Then, we 
will discuss two classrooms which we would label ’’math-inquiry” in that the two teachers 
made it a point to negotiate social and sociomathematical norms with their classes. The 
analysis of the two classrooms offers an example of an analysis which relates the cultural 
backgrounds of students and teachers to mathematics learning. 

Theoretical Framework 

We use the interpretive framework of Cobb and Yackel (1996) as a means of 
conceptualizing the negotiation of social norms and sociomathematical norms within the 
classroom. The first level of their framework features classroom social norms. These 
norms include explaining and justifying solutions, making sense of the contributions of 
others, and indicating agreement as well as disagreement. The second level of Cobb and 
Yackel's framework deals with sociomathematical norms, which relate specifically with 
mathematical problem solutions. These norms include understanding of what counts as a 
different solution, a sophisticated solution, and an efficient solution. Also involved in the 
analysis of sociomathematical norms is how the teacher and students constitute what is 
considered an acceptable solution. The negotiation of social norms is important in that it 
contributes to the development of sociomathematical norms and the classroom 
microculture.. If the social norm of explaining one’s answers is not negotiated in the 



classroom, the sociomathematical norms of what constitutes an acceptable explanation oi 
what counts as a different solution would clearly be difficult to negotiate. In addition, 
sociomathematical norms are different from social norms in that social norms can be 
found in any subject area. For instance, we would want students to explain their answer: 
to questions in a history or English class. For this reason, we confine the analysis to the 
negotiation of sociomathematical norms since they are specific to mathematics. Howeve 
we do recognize that the negotiation of social norms is a critical aspect of the classroom 
microculture 

Clearly, the events of the classroom are not isolated, but occur within a broader 
context. As Apple (1992) emphasizes, it is important to consider the classroom as situate 
in a larger context in light of issues regarding diversity. He warns that we must carefull 
examine the policies which structure inequity in the school context as well as the wider 
society. For these reasons, it is important to conceptualize the classroom within the largi 
context of school and society. We consider Cobb and Yackel’s (1996) elaborated 
framework shown in figure 1. 

[Insert figure 1 about here] 

In this figure, the outer two boxes describe the norms and practices at the school and 
societal levels. In addition, the figure includes the practices of institutions and places 
individuals' activity within a context. In this way, the events of the classroom are affecte 
by and in turn affect the practices of the school and society. In other words, the 
relationships among the classroom, school, and society may be viewed as reflexively 
related. 

Figure 1 is also helpful in clarifying the relationship between the negotiation of 
sociomathematical norms and the students’ and teacher’s cultures. It is important to clari 
that we use the term culture in this paper to refer to how individuals participate in these 
different communities. From this perspective, individuals are viewed as participating in 
the practices of society, the school and community, and in turn, the classroom 
microculture. How individuals participate in the negotiation of sociomathematical norms 
at the classroom is reflexively related to how they participate in the practices of the schot 
and the practices of society. Cast in these terms, individuals are seen as bringing their 
ways of participating in these different communities into the emerging classroom 
microculture. In this way, individuals' cultures are related to their mathematical activity 
through the negotiation of sociomathematical norms. 

Data Corpus 

The focus of the analysis is to describe how an investigation involving the 
negotiation of sociomathematical norms may relate individuals' culture to mathematical 
learning. For this reason, the analysis which follows presents an example analysis of the 
negotiation of sociomathematical norms for two classrooms. Furthermore, it indicates a 
direction for more extensive studies examining individuals' culture and mathematical 
activity. The first classroom was an upper middle class first grade class whose teacher w; 
Caucasian, while the second class was an inner city, predominantly African-American 
second grade class. The teacher was an African American. Both teachers were 
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collaborating with a research team during the time of study and both were trying to 
promote a math-inquiry style of teaching. 

Classroom Analysis 

In this section, we present episodes of the negotiation of sociomathematical norms 
unique to two classrooms. These classroom episodes are used in order to illustrate 
contrasting situations. We then follow with a discussion comparing the events occurring in 
each classroom. 

Mr. Bill's class 

The negotiation of the sociomathematical norm of understanding what counts as a 
different solution helps students to develop more mathematically sophisticated solution 
strategies. Mr. Bill guided the negotiation of what constitutes a mathematical difference. 
His negotiation of this sociomathematical norm relates to how he participates in the 
practices of the school culture and the wider society. He was attempting to develop a 
classroom which promotes understanding. Similarly, the students also had their ways of 
3articipating in the school culture and the negotiation. It is in this sense that this 
sociomathematical norm was negotiated between the teacher and students because a student 
nay have offered his different solution not knowing whether the teacher, or other 
classmates, would see it as different. Hence, both the teacher and students negotiated what 
t means for a solution to be mathematically different. In the following episode the teacher 
-vrote the horizontal number sentence 22+38+9 on the board. He called on several students 
vho offered different ways to solve the problem. 

P: Let’s see. how many of you agree with 69? [Students raise their hands]. How many 
agree with 42? How did you get 69? 

Pracy: [comes to the board] I said the 20 plus the 30. That’d be 50. and 50 plus that 2 
would be 52. Plus that 8 would be 60 plus that 9 would be 69. 
r: Did someone add it a different way? Cathy? 

-athy: I said the 20 plus the 30 equals 50. Plus the 20, 1 meant 2, equals 52, plus the 8 
equals to 60 plus the 9 equals 69. 

r: I said different! I did not say what she said. OK. Let’s try Jeff. 

[eff: That 8 and that 2 is gonna be 10 and I add it to the 20 (inaudible but probably added 
the 30 he has with the 30 on the board), and then you have the 9 left, 
r: Different? Very Different? Tony? 
rony: Yes. 
l: OK 

ony: I said this 2, not this 2. This 2 plus this 8. That was 10. And I said plus this 9. 
That was 19. and I said this 30 plus 20. That was 50. And I said 19 plus 50 would 
equal 69. 

Alright, that's different, different. OK. 
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Ms, Smith's Class 

The ways in which Ms. Smith and her class negotiated what counted as a different 
solution were very different from the negotiations that occurred in Mr. Bill’s class. The 
ten frame in figure 2 was quickly flashed on the overhead projector and the children wen 
asked to recall how many chips they had seen. 

T: Jenny, what did you see? 

Jenny: 6 

T: How did you see that? 

Jenny: I saw three and three. 

T: Jenny saw two groups of three. Did anyone else see it the same way Jenny saw it, twc 
groups of threes. 

Linda: I think I change my mind to six. 

T: OK, How do you see the six, Linda? 

Linda Four and two. 

T: OK, Linda said that she changed her mind. She sees six but she doesn’t see six the 
same way that Jenny saw six. Jenny said that she saw six as three plus three. So 
those are two different ways. ..two different ways to group, to group the pumpkins 
together and think about six. You can group four together and see four two or you ca 
group the three together and see three plus three... Kay la? 

Kayla: I saw it a different way. 

T: You have a different way? How did you see it? 

Kayla: I saw it as five and one. 

T: You did? Kayla said that she saw five and one. [They discuss how many more they 
would need in order to fill up the ten frame.] 

Jenny: I saw. ..I saw three plus two plus one. 

T: OK, that’s another way to see six. [Goes on with another problem] 

These two classroom episodes provide an example of how the cultural backgrounds 
of the students and the teachers relate to how sociomathematical norms were negotiated. 
Both teachers initiated and guided the negotiation according to their pedagogical agendas 
and their prior experiences in the school culture and society. For example, Mr. Bill 
indicated to the students that Cathy’s and Jeffs explanations were not different from 
Tracy’s. He made a point of emphasizing what counts as a different explanation. 
Similarly, Ms. Smith did not regard Jenny’s second contribution of ”3+2+1” as different ( 
more sophisticated than her first explanation of two groups of three. As a result, Ms. 
Smith did not highlight Jenny’s second contribution. It is important to note that the 
teachers’ negotiations are related to their conscious efforts to develop classrooms which 
promote understanding. Therefore, it was pertinent from the teachers’ perspectives to 
carefully initiate the negotiation of what constitutes a mathematical difference, and in the 
case of Ms. Smith's class, what is considered a different solution that is more efficient as 
compared to other strategies. 
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Since the ways in which the two teachers guide the negotiation of sociomathematical 
norms is related to their participation in different communities, we would expect that the 
teachers would negotiate norms in different ways. The classroom episodes are evidence of 
this. Mr. Bill emphatically and explicitly indicated that an answer was not different. In 
response to Cathy, the teacher said, "I said different! I did not say what she said"! This 
explicitness may be explained by the fact that the teacher regarded this sociomathematical 
norm as being important. Mr. Bill's explicitness may also be explained by his 
communication style, which is also related to his prior experiences in the school 
community and society. Delpit (1988) describes differences in communication styles of 
African American mothers and white, middle-class teachers. In her description, the 
communication styles of African American mothers are characterized as explicit as 
compared to that of middle-class teachers. She describes the communication styles of 
middle class teachers as being implicit and vague to African American students. It is 
interesting to note that the negotiation of the sociomathematical norms involves different 
aspects of individuals' perceptions and communication styles, aspects of their culture. 

It is apparent that the negotiations occurring in the two classrooms involved 
different individual beliefs and perceptions, and for this reason, the negotiation of 
sociomathematical norms is unique to each classroom microculture. The analysis shows 
that negotiation of sociomathematical norms may occur very differently in different 
classrooms. For Mr. Bill's class, negotiation of the sociomathematical norm of what 
constitutes a different answer was very explicit while for Ms. Smith's class, it was implicit 
in comparison. Though these negotiations and the involved interactions were different, 
both classrooms were mathematically productive in that many of the students were able to 
develop grouping methods and an appreciation for more efficient strategies. Clearly, the 
different participation of individuals and the different negotiations contributed to an 
emerging microculture that was unique to each classroom. 

The negotiation of social norms also appeared different in the two classes. Further 
analysis including the negotiation of social norms would be helpful in understanding the 
classroom microculture and how individuals come to participate in it. Individuals' 
participation in the negotiation of social norms may also be viewed as being reflexively 
related to their participation in the practices of the local community and society. In 
addition, the negotiation of social norms contributes and is strongly related to the 
negotiation of the sociomathematical norms. Both analyses would provide a more 
complete picture of the events of the mathematics classroom in regards to individuals' 
ways of participating in different communities. 

Conclusion 

I have suggested several key points in regards to examining the negotiation of 
sociomathematical norms and understanding issues of diversity. Here, I offer a summary 
nf the key points. 

1. In viewing sociomathematical norms and the beliefs of individuals as being 
-eflexively-related, the construct of sociomathematical norms is one method of relating the 
:ultural backgrounds of the students and the teacher to mathematical learning. Most of the 
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literature relating students' and teachers’ cultural backgrounds deals with participation ai 
is basically content-free. 

2 Clearly, each classroom includes individuals contributing to an emerging 
microculture unique to that particular classroom. In the analysis, though both emerging 
classroom microcultures were different and unique, both classrooms were mathematicall 
productive. They were mathematically productive in the sense that students in both 
classrooms developed ways of grouping numbers and developed understanding of more 
sophisticated methods. This is a very encouraging finding since each classroom is a uniqi 
microculture with children of various backgrounds. In addition, this finding has 
implications for reform, since it suggests that there is not one characteristic classroom th 
promotes inquiry math. Classrooms can take on different forms and include different 
beliefs; however, productive mathematics can still occur. 

3 The classroom is situated within the larger context of the school and society. 
When viewed from this perspective, the events of the classroom are both affected by and 
affect the school culture and the practices of the wider society. In addition from this 
perspective, the negotiation of sociomathematical norms may be regarded as events whicl 
are related to the school culture and that of the community and society. They are not 
merely isolated events which are confined to the classroom. 

The analysis of the negotiation of sociomathematical norms may indicate a directio: 
for future studies exploring the relationship between students' and teachers' cultures and 
mathematical activity. 
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"AUTOMATISM" IN FINDING A "SOLUTION" 
AMONG JUNIOR HIGH SCHOOL STUDENTS 



Bat-Sheva Ilany and Nurit Shmueli. 

Beit Berl Teacher Training College, Israel 



ABSTRACT 

This study focused on how junior high school students and teachers find the solution for a 
given equation, which contains the information, needed to solve it. The aim was to examine 
whether the participants find the solution through a routine algorithmic process, or whether 
they employ varied ways of solving the equation . Results indicate that students employ varied 
strategies, the most common of which is extracting and substituting the variable, while 
teachers employ two principal strategies: extracting and substituting the variable and direct 
calculation. Furthermore, the older the participants, the less frequent is their use of the 
extracting and substituting the variable strategy. 

THEORETICAL BACKGROUND 

Several researchers who studied the ways of how students arrive at solutions, found that 
students employ "technical" methods to solve equations. A study conducted in the U S. on 
beginning algebra students, showed that students tend to solve algebra problems through a 
routine algorithmic process (Jensen and Wagner, 1981). 

In a clinical interview of 8 students, the following problem was given: 

Find the value of 1 - w hen 5(2a+l)=10 is the given. 

The students employed the following patterns of solution. 

Method 1 : Finding first the value of the unknown 

5(2a+l)=10 

10a+5=10 

10a=5 

a=l/2 

Method 2: Direct calculation (making use of the fact that 2o+l=2) 

5(2o+l)=10 

2o+l=2 

2a + \ 2 ] 

2 ~ 2 ” 

Study results indicated that 6 students (75%) used Method 1, one student used Method 2, and 
one student answered incorrectly. Jensen and Wagner argued that the solution by Method 1 
indicates fixation on the routine algorithmic process for solving this type of problems. 

Ilany (1991) repeated the experiment in Israel, examining 96 students: 55 at the end of 7th 
grade and 4 1 at the end of 8th grade. The results obtained in the study were similar to those 
obtained in the U.S. However, in addition to the methods that emerged in the Jensen and 
Wagner study, another solution method emerged. 



Method 3 : Extracting the expression 2a 

5(2a+l)=10 

2a+\=2 

2a=l 

2a + 1 1 + 1 

2 “ 2 

Kuchemann (1981) presented a question constructed on the same principle: 

If g +f=8 then e+f+g= 

Kuchemann's objective was to examine how students perceive the meaning of letters in 
mathematics. Namely, do students perceive in this question the given e+f=8 as global 
expression and substitute in the expression e+f+g = i.e., e+f+g=8+g, or do they view the 

letters in a different manner. He found that students ignore the e and f, and solve e+f+g= by 
relating to g as to something unknown, assigning each time a different meaning to g. 

Jensen and Wagner (1981) explained the students' behavior in solving such problems from 
three theoretical standpoints: 

1. Information processing 

Johnson and Wagner explained the phenomenon where children perceive only a single 
letter as the unknown (the single letter fixation) and are unable to view an expression 
composed of several members as an unknown, by the fact that students use only the 
standard procedures which they have learned to solve problems, and are unable to 
deviate from the familiar. For example, when a student wishes to find the value 

— a + 1 = , he knows from what he has learned that the letter a should be substituted in 
2 

the expression = (Method 1), in order to obtain the value of the expression. 

Here the routine process begins, leading him gradually toward the solution. This method 
was named by Davis, et al. (Davis, Jockush, McKnight, 1978 in Jensen and Wagner 
1981) the "Visually Moderated Sequence". 

2. Meaningful Learning 

The single letter fixation can be explained by that the student fails to distinguish that it is 
possible to relate to the expression 2a+\ just as to x or y, namely an unknown in itself. 
The student's prior experience restricts him to using a single unknown without expanding 
his conceptual world to include the "opportunities" of working with more complex 
numerical expressions. 

3. Cognitive Development 

A possible reason for the failure to grasp the concept of variable from the standpoint of 
the child's cognitive development is the understanding the equal sign. Children tend to 
perceive the equal sign as an instruction to perform the operation listed to the left of the 
equal sign and to write the result to the right of the equal sign. They are as yet incapable 
of understanding that both sides of the equation are equal (Kieran, 1981). Therefore, so 
explain Jensen and Wagner, when a student is given the equation 5(2a+l)=T0, the equal 
sign "tells" him that he is to do something with the left side. Thus, the student 
automatically proceeds with the solution, not noticing the similarity of the structure of 
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the expression 2tf+l in the equation, and the expression 
calculated. 



2 a+2 

2 



which is to be 



Following the studies mentioned, we wanted to examine whether similar strategies exist in 
different age groups and in problems of a different type. The current study focused on the way 
junior high school students (grades 7, 8, 9) and junior high school teachers find the solution 
when given an equation which contains the information essential for its solving. The aim of 
the study was to examine whether the participants find the solution by means of a routine 
algorithmic process, or use a variety of ways. 

THE METHOD 

The study focused on 7th grade students (30), 8th grade students (30) and 9th grade students 
(32), as well as junior high school teachers of grades 7, 8 and 9 (12 teachers). The participants 
were asked to complete an open questionnaire constructed for the purposes of this study. 

The Questionnaire: 

1. If 3+a=8 then 3+a+5= 

2. If 3d=6 then 18d+9= 

3. Ife+f=8 then e+f+g= 

4. If5(2a+1)=10 then - a + * = 

2 

5. Ifx+y=z then x+y+z= 

In each question of the questionnaire the participants were asked to record each stage of the 
solution and explain. 

Question 3 was taken from Kuchemann. (1983), Question 4 was taken from Jensen and 
Wagner (1981) and Questions 1, 2 and 5 were constructed for the study. 

The answers to Questions 1, 2, 4 are numerical, while the answers to Questions 3, 5 are 
numerical expressions, requiring direct calculation and a global structural perspective. 

STUDY RESULTS 

Examination of the participants' work produced a variety of different answers. qThe 
participants' answers were sorted by strategies that were employed, as follows: 

Direct calculation - global structural perspective 

The strategy is so named because the participants viewed the given and the expression in a 
global manner. In Question 1, for example, they took the given 3+a=8 as is and substituted it 
directly in the expression 3+a+5, obtaining: 

3+a+ 5= 

8+5=13 



Substitu tion in the "reverse direction 11 - global structural perspective . 

as in Question 5, for example: 
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If x+y=z then x+y+z = 

The solution: 

x+y+z= 

x+y+ x+y = 

2x+2y 

Interim method - partial structural perspective (substituting part of the expression) , as 

in Question 4, for example: 



Extraction of the variable and its substitution - routine algorithmic perspective , 

as in Question 1, for example: 

If 3+a=8 then 3+a+5= 

Solution: a=5, substitute 5+5+3=13 thus the solution is 13. 

Namely, the students extracted the a from the given and substituted it in the expression. 

Extraction of the variable only - without substitution - partial algorithmic perspective , 

such as in Question 1, where a was extracted from the given a+3=8 obtaining a=5 without 
continuing the process further. 

Substitution of any numbers , such as in Question 3, for example: 

If e+f=8 then e+f+g= 

The participants substituted any number, substituting, for example, g=2, f==5, e=3 and 
obtained: 3+5+2=10 

Both expressions have the same solution , such as in Question 1 : 

If a+3=8 is given, then the second expression will also receive the value 8, namely, 3+a+5=8, 
and therefore the letter a obtained a different value in each of the equations: In the equation 
a+3=8 => a=5 

and in the equation 3+a+5=8 => a=0 

In order to compare the strategies employed by the students with the strategies employed by 
the teachers, we prepared Table No. 1, listing for comparison purposes the teachers' answers 
in percentage terms, notwithstanding their small number (12). 



If 5(2a+l)=10 then = 



The solution by the interim method: 

If 5(2a+l)=10 then 2a= 1 then substitute and obtain 
2<3f + 1 



2 



2 



o 
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Table No. 1 : Solution Methods - Students Compared with Teachers 



Number of Participants 


Total 

Students 

92 


Total 

Teachers 

12 


Extracting and substituting the 
variable 


45.5% 


15% 


Direct calculation - 
structural perspective 


29% 


85% 


Interim method - 
substituting part of expression 


1% 


0% 


Substituting any numbers 


14% 


0% 


Extracting variable only - 
no substitution 


1% 


0% 


"Reverse" substitution 


0.5% 


0% 


Same solution for both 
expressions 


0.5% 


0% 


No answer 


8% 


0% 



Table 1 shows that the teachers employed only two strategies: extracting and substituting the 
variable and direct calculation. The students, on the other hand, employed other strategies as 
well. 

The most common strategy used by students of grades 7, 8 and 9 was extracting and 
substituting the variable (45.5%), while teachers most commonly used direct calculation 
(85%). 



Table No. 2: Results Obtained - By Grades 



Number of Participants 


Grade 7 
30 


Grade 8 
30 


Grade 9 
32 


Teachers 

12 


Extracting and substituting the variable 


43% 


45% 


46% 


15% 


Direct calculation - 
structural perspective 


15% 


31% 


41% 


85% 


Interim method - 
substituting part of expression 


0% 


1% 


3% 


0% 


Substituting any numbers 


28% 


12% 


4% 


0% 


Extracting variable only - 
no substitution 


2% 


1% 


1% 


0% 


"Reverse" substitution 


0% 


2% 


0% 


0% 


Same solution for both expressions 


1% 


2% 


0% 


0% 


No answer 


11% 


6% 


5% 


0% 



In Table 2 we can discern the use of three principal methods: extracting and substituting the 
variable, direct calculation (methods used by both students and teachers) and substitution of 
any numbers (used by students only). 
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In the extraction of the variable strategy, no difference in use was discerned between grades 7, 

8 and 9. On the other hand, in the direct calculation strategy, there was a discernible 
difference between the grades: the higher the age, the more frequent the use of this strategy (in 
grade 7 - 15%, in grade 8-3 1%, in grade 9 - 41% and teachers - 85%). Moreover, use of the 
strategy of substituting any numbers, an incorrect strategy, decreases with increasing age (in 
grade 7 - 28%, in grade 8 - 12%, in grade 9 - 12% and teachers - 0%). 

DISCUSSION AND CONCLUSIONS 

The variable extraction and substitution strategy, commonly used by students, is used less 
frequently with increasing age. This can be explained by the perception of using a letter for a 
specific number only. Many students believe that variables are letters representing numbers 
only (Usiskin, 1988, Ilany, 1996). 

Such use of the variable extraction and substitution strategy was also found in the studies, 
of Jensen and Wagner (Jensen and Wagner, 1981), who explained it from three standpoints: 
Information processing, meaningful learning and cognitive development (as detailed in the 
theoretical background). 

In relation to information processing , we found, just as Jensen and Wagner, that: 

1 . Some students solve problems by means of a familiar standard procedure which they 
learned and from which they are unable to deviate. For example: in Question 2 where 
the given is 3d=6, students first find the value of d and substitute in the expression 
1 8d+9. 

2. Some students are not proficient in other solution methods save that of finding the 
unknown and its substitution, and therefore solve the problem by the method familiar 
to them. 

3 When a student wishes to find the value he knows from what he has learned, 

2 

that a is to be substituted in the expression > * n order to obtain the expression’s 

value. Here begins a routine process which gradually leads the student to the solution. 

In relation to meaningful learning , it is possible to explain the single letter fixation by that the 
student does not realize that expression 3+a can be treated just as x or y, i.e., an unknown in 
itself. From here it may be inferred that the student has not as yet fully formed and internalized 
the concept of variable. This finding testifies to the student’s limitation in understanding the 
concept of variable. The experience to which the student has been exposed, restricts him to 
using a single variable and does not expand his conceptual world to perceive the possibility of 
working with more complex numerical expressions. 

From the standpoint of cognitive development , the use of a letter as a specific number can 
apparently be explained by the variable being perceived, at the beginning of algebra, as a 
number only. 

The teachers’ most frequent use (85%) of direct calculation, can be explained by the concept 
of algebra as study of structures. In other words, learning algebra at the tertiary level, 
according to Usiskin (1988), is usually characterized by dealing with structures, a perception in 
which the variable is viewed as a random object within an expression, related to other variables 
in the expression by certain properties. This approach is characteristic of abstract algebra, and 
we thus see in this study that teachers possess the ability to deal with variables without 
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requiring a numerical frame of reference. Moreover, teachers have been exposed to a broader 
variety of uses of variables, and have expanded and deepened their understanding of the 
concept of variable. Our study shows that with higher chronological age, more participants 
shift to direct calculation. Namely, with increasing age, the concept of variable expands, 
learning becomes more meaningful, and more participants view 2a+l or 3+a as an unknown in 
itself 

The use of the substitution of any numbers strategy (28/% of 7th graders, 12% of 8th 
graders, 4% of 9th graders), can be explained in several ways: 

1 . The child perceives the meaning of the variable from the numerical aspect. 

Only numbers can be substituted for letters and they therefore substitute any numbers 
for letters. 

2. The “incomplete nature” of several expressions - research findings show that students 
tend to “simplify” expressions such as 2a+5 to 7a or to 7. This tendency can be 
characterized by the need to provide a “final” numerical answer (Tirosh, Even and 
Robinson, 1994). 

3. The “process is also the result” - 

One of the difficulties encountered by students in the transition to algebra, is connected 
with the need to relate to an expression as representing concurrently both a process 
and a result (Davis, 1975, Booth, 1988). The source of this difficulty stems from the 
habit of separating the two in arithmetic. For example, in 8+5=13, 8+5 is the process 
and 13 is the result. 

It was interesting to find in our study the interim method - substituting part of the 
expression, as in Question 4, for example: 



This method was also found in solving Questions 3 and 5, as in Question 5, for example: 

If x+y=z then x+y+z= 

The solution by the interim method: 

If x+y=z then x=z-y, substitute for x in the expression x+y+z= 
and obtain z-y+y+z=2z. 

In Question 3: If e+f=8 then e+f+g= 

The solution by the interim method: 

If e+f=8 then e=8-f, substitute for e in the expression 
e+f+g= and obtain 



If 5(2^z+l )— 1 0 then 



The solution by the interim method: 
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8j;+f+g=8+g. 



The interim method - snbstitnting part of the expression strategy was also found in Ilany 
(1991). 

We were thus surprised to find in our study, that although the teachers themselves employ 
direct calculation, many students do not use this method. Perhaps some improvement could be 
obtained by exposing junior high school students to the various uses of the variable and varied 
solution strategies, leading the students to the desired structural - global perception. 

To summarize, a long road is traveled by the student in the process of learning, algebra: at the 
outset, the letters are perceived as representing numbers only, and further on, a more global 
structural perception is attained. 

REFERENCES 

Ilany, B. (1991). Expanding the Perception of the Term “Variable” by Students. Teaching 
Algebra - Collection of Sources and Activities for Methodology Lessons . Weizmann 
Institute 69-74 (Hebrew). 

Ilany, B. (1996). The Concepts of Variable and Parameter of Pre-Service Teachers and High 
School Students . Ph.D. Thesis, Tel-Aviv University (Hebrew). 

Booth, L. R. (1988). Children's Difficulties in Beginning Algebra. The Ideas of Al g ebra . 
K-12. Yearbook of NCTM. Reston, VA: NCTM 20-32. 

Davis, R. B. (1975). Cognitive Processes Involved in Solving Simple Algebraic Equations. 
The Journal of Children's Mathematical Behavior 1(3), 7-35. 

Kieran, C. (1981). Concepts Associated with the Equality Symbol. Educational Studies in 
Mathematics ,12, 317-326. 

Kuchemann, D. (1981). Algebra. In K. M. Hart. Children's Understanding of Mathematics. 

Jensen, R. J. & Wagner, S. (1981). Three Perspectives on the Process Uniformity of 
Beginning Algebra Students. In S. Wagner (Ed.) Proceedings of the 2nd Annual 
Meeting of the PME-NA . 133-139. 

Tirosh , D; Even & Robinson, N. (1994). How Teachers Deal with Their Students’ 
Conception of Algebraic Expressions as Incomplete. Proceedings of the Eighteenth 
International Conference for the Psychology of Mathematics Education. U niversity of 
Lisbon^ Lisbon, Portugal, 4, 129-136. 

Usiskin, Z. (1988). Conception of School Algebra and Uses of Variables. In A. Coxford and 
A. Shulte (Eds.), The Ideas of Algebra. K-12 (8-19). Reston, VA: NCTM. 




70 



3-63 



*tu 



THE ROLE OF CONTEXT IN COLLABORATION IN MATHEMATICS 

Kathryn C. Irwin 

University of Auckland, New Zealand 

This study explored the role of context in students' construction of mathematical 
concepts. The discourse of 8 pairs of students, aged 1 1 and 12, was recorded while 
they solved mathematical problems together. In each pair a more able peer worked 
with a less able partner on either contextualised problems or purely numerical 
problems. Those students who made the most progress were those who worked on 
contextualised problems. Analysis of the discourse demonstrates that it was the 
context that provided clear goals and drew on the experience of both partners, so 
that the more able were able to learn from the less able as well as vice versa. 

Analysis of the discourse in mathematics education is a fertile source of information 
on what is enabling learning. One example was the examination of discourse in 
reform classrooms, showing the emergence of a collective voice in a classroom 
(Graves & Zach, 1997). Less attention has been paid to what the students are 
talking about, and the effect of context on learning from this discourse. In peer 
collaboration, we need to evaluate this discourse and who benefits from it. 

Added depth is given to this analysis through looking at it in relation to the different 
views of Vygotsky and Piaget on learning from peers. Vygotsky (1978) believed 
that more capable peers, or adults, were needed for learning because they 
understood the goal of the activity and knew what it was that the learner needed to 
know next to gain that goal. Piaget (1932/1965) postulated that children were more 
likely to reflect on and change their own concepts as a result of discussion with a 
similar peer than with an adult. He gave the conditions necessary for learning from 
a peer as having common language and intellectual values, being able to conserve 
one’s own ideas while working for consensus, and being able to consider each 
other’s propositions in a reciprocal manner. This paper argues that context can be a 
crucial variable in producing the characteristics described by both of these theorists. 

Other theories of learning acknowledge that context is essential in learning. 
Apprenticeship theory, for example, places emphasis on the entire context in which 
a set of practical or cognitive concepts are learned. In apprenticeship learning the 
goal of learning is clear and the steps along the way to meeting this goal can usually 
be articulated in a manner that enables the more able partners to help the less able 
partners meet these goals. Learners know that a solution that meets obvious criteria 
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is to be found. It has been proposed that the clearer such goals are to the learners 
the more likely they are to meet them (Resnick & Resnick, 1993). 

In New Zealand the primary context for learning mathematics is the schoolroom 

itself. It is the context for patterns of discourse, scripts, goals, and patterns of 

respect (see Leinhardt & Putnam, 1987). This is such a major feature of context for 

students that they often forget everyday contexts in which they have learned certain 

things. Some students are skilled in learning mathematics in a school context. They 

understand and follow teachers’ instructions, grasping many facts about the 

manipulation of numbers. In the upper elementary school they understand that the 

uoal of mathematics is to deal with numbers in a formalised manner, with numbers 
© 

being treated as entities without further context. They often value this formalisation 
to the extent that they ignore contexts that give these numbers different meanings. 
Other students are less skilled in learning in classrooms. The school context, 
although familiar to them, is less meaningful. They follow the classroom scripts 
and activities but may not understand the mathematics in these activities. They may 
come to think of themselves as less capable in school mathematics and having less to 
offer their peers in collaborative sessions. Out of school, on the. other hand, they 
are confident in many spheres in which numbers are used. Walkerdine demonstrated 
that the relationship between out-of-school experiences and classroom mathematics 
is complex, especially for poorer students such as those in this study (Walkerdine 
1997). 

This study was carried out in a school, albeit in a withdrawal room. One 
expectation of working on problems in such a selling might be that both partners 
would utilise the beliefs and activities that are valued in classrooms. The less 
competent peers might defer to the greater formal knowledge of their more 
competent peers as they usually do in classrooms. There were many cases in which 
this did not happen. When problems were presented in a familiar context, the less 
competent peers used their out-of-school knowledge rather than their formal 
knowledge, and challenged the formal knowledge of their more competent partners. 
Because both partners were familiar with this everyday knowledge, the more 
competent peers listened to the challenges presented by their partners from this 
everyday knowledge. Between them they recognised the conflicts and worked to 
combine their expectations from these context with their formal knowledge to reach 
a conclusion that met an understood goal. 
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The Study. This study was the third of a series designed to examine the effect of 
context on learning about decimal fractions. It followed two studies that explored 
the contexts in which 84 similar students used decimal fractions out of school, and 
the errors that they commonly made (see Irwin 1995). 

Sixteen students, from a lower economic, ethnically mixed class took part in this 
study. The students were ranked by their teacher on their overall mathematical 
ability, and were then placed in pairs with a constant difference in ranking between 
them (1 & 9, 2 & 10, etc.). Thus they were paired to meet Vygotsky’s criteria, yet 
the behaviour of some of the pairs matched Piaget’s criteria. 

Mathematical problems were developed that were based both on contexts that the 
prior studies had shown were familiar, and on errors that were commonly made by 
the students interviewed. A similar set of problems were also written which used 
formalised word problems without everyday contexts. Half of the pairs worked on 
contextualised problems and half worked on similar problems in a purely numerical 
form. Examples of these two types of problems were: 

Contextualised 

How much do you think you will have left if you have a 1.5 litre bottle of drink 

and you pour out enough to fill a 225 ml glass? (bottle and glass on display) 

Numbers only 

If you subtract 0.225 from 1.5 what will you get? 

All students were given a pretest of ordering decimals and operating with them in a 
formalised manner. They then worked together on four problems per day for the 
next three days. These problems covered magnitude, addition and subtraction, and 
multiplication and division of numbers that included decimal fractions. Questions 
were designed to draw attention to common confusions. Students were given a 
posttest, very similar to the pretest, four days after their last problem-solving 
session and again one month later. The discussion between the partners was tape 
recorded and analysed at a later date. 

Analyses. Students who worked on contextualised problems made significantly 
greater gains between pretests and posttest than did those who worked on purely 
numerical problems (F(l,12)=5.70, p =.03). These students were also significantly 
more accurate in solving the problems done jointly (F(l, 12)=6.2 1 , p=. 02). 
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Working on contextualized problems helped both the higher ranked and lower- 
ranked members in the pair to increase their posttest scores. 



The analysis of the discourse explored what might support this improvement. The 
statements made by each partner were categorised by the contribution that they 
made to the conversation. Categories were based on the argument operations used 
by Azmitia (1988) and Pontecorvo and Giradet (1993). The categories used were: 



Answer (right or wrong) 

Explanation (right or wrong) 

Agreement 

Disagreement 

Challenge 



Question 

Consideration of other’s view 
Request for agreement 
Comment 

Incomplete statement 



The hypothesis behind this analysis was that some types of argument were more 
likely to advance understanding than others. Students who listened to one another 
learned more than did those who worked in parallel (see Forman, 1981; Ellis, 
1995). The balance of the partners’ statements would indicate if both offered 
answers and explanations and challenged one another, or if one of the partners made 
most of the statements that led to solution of the problem. 



There were marked differences in reciprocity when students were working on 
contextualised or purely numerical problems. Two excerpts are given below to 
demonstrate these differences. The first is from a pair working on purely 
numerical problems who used the scripts appropriate for formalisms used in a 
school context, but which they did not fully understand. The next is from a pair 
who worked on contextualised problems. For them the context provided the 
chance for the less able student to provide a lead to the partner who was more 
skilled in formal mathematics. 



Pair 3 who worked on purely numerical problems was made up of two girls, aged 
1 1. Neither partner made significant gains. Their relationship was friendly but the 
lower-ranked partner made few substantive contributions, preferring to defer to her 
more capable partner. There was a marked imbalance in the types of statements 
made by each of the girls. On this problem the more capable partner, H, gave 37 
partial or full explanatory statements and the less capable partner, A, gave 6 
explanatory statements. H agreed 4 times and A agreed 20 times. Both partners 
asked each other questions but there was little genuine conversation. This pair 
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lacked the common intellectual values and reciprocity that Piaget notes as essential 
for collaboration. A did not appear to work for the conservation of her ideas in the 
face of H’s statements. The written question is given in italics and has two parts. 



(lBc)7eW said that 93 ^ was written as 93.04 in decimals. Why did she say that? 

Do you agree ? 

A Yes - Oh \ WRONG ANSWER 

H Yeah, 93 is a whole number and one quarter is just, it should be zero zero four - 
1 think. AGREEMENT, DIFFERENT WRONG ANSWER 

A No. Try that again. 9 3 point \ CHALLENGE 

H Oh remember, remember, cus decimals leave, you know how this goes ones, tens 
hundreds, this goes hundreds, tens, ones, (points to place-value columns for 
hundreds, tens, ones, oneths, tenths, hundredths) EXPLANATION 

A Oh yeah, and then \ AGREEMENT, INCOMPLETE 

H But you see that can - umm. Do we agree? Cus the four should be, there should 
be another zero between the zero and the four. REQUEST FOR AGREEMENT, 
WRONG ANSWER 

A Yeah. AGREEMENT 



Peta said that 93 ^ was written as 93 .25 in decimals. Why did she say that? Do 
you agree? What do you think is right? 

H (23 second pause) Hold on. (pause) Yeah, it could be right . CONSIDERS 
OTHER VIEW, TENTATIVE AGREEMENT 
^ A (starts to say something, interrupted) INCOMPLETE 

H See most, that is one quarter, 25 is one quarter \ EXPLANATION 

A Yeah. AGREEMENT 

H In decimals. EXPLANATION 

A Yeah, so \ AGREEMENT 

H Do we agree? REQUEST FOR AGREEMENT 

A Yes. AGREEMENT 

H Yup we agree. AGREEMENT 

... (35 lines later) 

A This one (93.04) could be right though. (9 second pause) CHALLENGE, 
BACK TO WRONG ANSWER 
... (27 lines later) 

H It could be both. Could it be both? Or just one of them? (pause) TENTATIVE 
ANSWER f 

... (problem eventually solved by H) 

In contrast, Pair 1, who worked on contextualised problems, shared the task 
relatively equally, and both gained in knowledge. The more advanced student, M, 
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was a girl, aged 12 and the less advanced, N, was a boy aged 11. They listened to 
each other and finished each other's sentences. Both partners contributed, and both 
corrected each other. Both partners were wrong on occasion and challenged by the 
other, and both appeared to benefit from this challenge. In their discussion about 
problem 2Ac, part of which is given below, their dialogue was balanced. Each 
partner gave 7 answers; M gave 10 explanations and N gave 8; Each disagreed or 
challenged their partner 5 times; and M considered her partner’s view 2 times while 
N did so 3 times. The more advanced partner initially treated the problem in a 
formalised manner, lining up the decimal points and adding. The less advanced 
student used his everyday knowledge to challenge her. She quickly acknowledged 
the correctness of his response and rethought her answer. It will be seen later that 
she challenged his answer of 6.05.9 because it did not fit the rules of formalisation, 
despite the fact that it did make sense in an everyday context. 

2 Ac If you go on a trip and you buy I litre of petrol at 90.9c and a meal at 
McDonald's at $ 4.95 , how much will it cost? 

M Ninety five dollars about, something cents... four cents. WRONG ANSWER 
N Or five dollars., cus its the whole thing. DIFFERENT ANSWER 
M Yeah I know, ninety five dollars and something cents Probably about ninety five 
dollars and four cents. AGREEMENT (not listening to partner) 

MWhere’s the petrol? CHALLENGE 

MThat’s how it costs all together isn’t it? QUESTION 

N Ninety five dollars?... for a McDonald's and petrol? CHALLENGE 

M Yeah (laugh) oh. CONSIDERATION OF OTHER'S VIEW, AGREEMENT 

N Five dollars, six dollars... six dollars point eight, no point, no six dollars five., uh 
six dollars five cents point nine. ANSWER 
MSix dollars five cents point nine? CHALLENGE 
N Yeah. 

M Point nine? (Pause) six dollars and five cents point nine. CHALLENGE 
N Yeah. 

MThat means six point five point nine. EXPLANATION 
N Oh man nah... CONSIDERATION OF OTHER’S VIEW, AGREEMENT 



These students solved the problem by changing 90.9 c to 99c (M’s solution) because 
they knew how to operate with that. They then added the numbers without the 
decimal point, translating $4.95 to 495 cents (N’s solution). This enabled them to 
get an answer that was in line with their goal which was a sensible estimate based on 
context. 
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Discussion . All of the dialogues showed some of the characteristics of a 
discussion in which school contexts and formalisms were uppermost in the peer 
collaboration. However, it was the use of context, as in the second example, that 
enabled the partners to learn. 

The first dialogue presented depended entirely on formal use of numbers. 
Explanations related to recalled classroom scripts, including the place whose value 
is “oneths”. Extra zeros are added without an understanding of what this does to the 
value of the numeral. The dialogue was unbalanced with the less knowledgeable 
saying less and deferring to the authority of her more capable partner, whether or 
not the mathematics made sense to her. Their goals were different. From the full 
transcript it was clear that H’s goal was to recall or deduce the relevant knowledge 
and A’s goal was to agree to an answer so that they could move to the next problem. 
The second dialogue was marked by greater equality of contribution, with the lower 
ranked peer offering the everyday knowledge ignored by the higher-ranked peer 
who attempted to use the formalised knowledge valued in the classroom. The 
higher-ranked peer accepted the value of the everyday knowledge of the lower- 
ranked because those contexts also made sense to them. This everyday knowledge 
acted as a shared goal. Their appropriate estimates of what the answer would be 
helped them see the steps to that goal. 

All of the discussions took place between a more capable and a less capable partner, 
yet the dialogue of the first pair does not meet either Vygotsky’s or Piaget’s criteria 
for learning from peers. The second pair would meet Piaget’s description of equals 
with different perspectives who respected one another’s propositions and sought 
consensus, while also meeting Vygotsky’s description of a more and less able peer 
working toward known goals. 

Problems carefully constructed from familiar contexts did enable students from a 
poorer area to bring their knowledge into school to aid their learning of 
mathematics. The problems did enable them to see that they had knowledge to offer 
that was more valuable than the formalisms that they usually valued in school. 
However, these contexts had to be selected with care. One of the most useful in this 
study turned out to be students’ knowledge of a 1.5 litre bottle of soft drink and the 
fact that it was roughly equivalent to six glasses. This group were also familiar 
with exchange rates as many of the students from Pacific Countries had either 
travelled or seen relatives send money overseas. These contexts might not be 
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appropriate for other groups. The problems also needed to be developed to 
challenge students’ misconceptions. It was the everyday contexts that provided the 
goals for students and encouraged them to check their answers, letting them see that, 
even in decimals, answers can make sense. 
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Abstract 

"Mathematization" is a terminology to extend the educational philosophy of 
mathematical teaching and learning as an active and creative process. It is 
Wittmann’s Teaching Units that has brought the idea of design science into the 
didactical practice of mathematization. His Teaching Units, however, does not have a 
diachronic design of how the lesson in classroom should be developed over time 
although it contains the fundamental design such as objective, material, problem, and 
background. On the other hand, the mathematization can be regarded as a typical 
symbolization process in the sense of Peirce which is called semiosis, and in this 
context the Dorfler’s generalization model, which starts from the activity and constructs 
the generalization process, is quite thought- provoking. 

Therefore, it is possible to design, practise and evaluate the Teaching Units of 
Wittmann in the teaching- learning context based on the generalization model by 
Dorfler. This is the objective of this research and at the same time the result which 
we could get. The methodology is to have employed a teaching experiment ’Star 
Patterns’ based on the above theoretical framework and to prove its effectiveness 
through the analysis of results in terms of Dorfler’ s model. 



1. Objective and Methodology 

(1) Objective 

Freudenthal, as a mathematics researcher, has a didactical belief as follows:" There is no 
mathematics without mathematizing. "This means teaching or even learning mathematics as 
mathematization. ••• This is what follows from the interpretation of mathematics as 
activity. "(1973, p. 134) 

He theoretically prepared a didactical foundation of mathematization as an Educational Task 
and Phenomenology, but he has not presented a concrete example systematically together with a 
clear framework and ideas on the didactical practice of mathematization. In that sense, 
Wittmann has brought about an idea of design science into it, given the framework of Teaching 
Units(hereafter cited as TU), and realized many examples of TU for mathematization(Muller,G. 
and Wittmann, E. 1977). 

The objective of this research in the following two points. The first point is to clarify the 
theory and methodology of TU by Wittmann and to point out some problems involved in this 
theory. The second one is to solve these problems, to put this TU into the classroom practices, 
and to evaluate this practice through introducing the generalization model of Dorfler. Briefly 
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speaking the characteristics of this research is to complement TU by Wittmann with Dorfler’s 
theory. 



(2) Methodology 

We have analysed the classroom lesson mentioned below in section 3 as we always examine 
whether the record can be a teaching experiment. But we are quite encouraged by the 
enthusiastic discussion between two researchers in Working Group 25 ’’Didactics of Mathematics 
as a Scientific Discipline” of ICME-8 in Seville Spain 1996. Hans-Georg Steiner stressed that 
the theoretical framework should be given priority over the ’fact’. On the other hand, Michele 
Pellerry who is a Italian psychologist emphasized his stance that the framework by itself cannot 
come first and mathematics education should be a scientific discipline built on facts, experiments 
and inductivism. 

Which standpoint and viewpoint are right could not be determined by experiment like as the 
case of the theory. We, therefore, would like to withhold ourselves from decision whether our 
record on classroom lessons is a teaching experiment. But we must say that we planed them 
deliberately, and recorded them by video carefully, and investigated them by video together with 
the concerned teacher and other researchers many times because the classroom lesson cannot be 
done again. 

Steiner asserted that the situation could not become the phenomenon without the theoretical 
framework. In other words, the ’fact’ of Pellerry can be defined clearly only under the 
theoretical perspective. Even the case study done by constructivists has the same tone as that of 
Steiner in our understanding. We proudly think that we could change the situation into the 
didactical phenomenon of mathematics through our framework. 

We are always wondering whether the well controlled teaching experiment is consistent 
with being educational in didactical practice. The strict conditions on science remind of the 
European proverb. Don’t we throw away the baby with bathwater. Our conclusion in this case 
study can be summed up into a viewpoint on the design of classroom lesson and a theoretical 
framework for the diachronic assessment on it. But we believe that teachers can reach to the 
similar considerations on our teaching practice if they understand and are interested in the 
viewpoint and the framework presented here. 



2. Teaching Units 

(1) Wittmann’s Didactical Philosophy before Introduction of TU and its Critical Consideration 

Wittmann conveyed his views towards mathematics and school mathematics to support his 
mathematics education in the process of identifying a core research in mathematics education. 

"Mathematics teaching is doing mathematics with students in order to cultivate their 
understanding of reality. "(1 984, p. 29) 

"Mathematics educators must be aware that school mathematics cannot be derived from 
specialized mathematics by a "transposition didactique du savior savant au savior enseigne" 
(cf., Freudenthal 1986). Instead, they must see school mathematics as an extension of 
pre- mathematical human capabilities which develop within the broader societal context 
provided by MATHEMATICS. "(1995, p.359) 

These quotations reflect his view of the internal mathematics which comes from human 
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autonomic activities. It doesn’t seem to him that mathematics is an external system of objective 
knowledge for transmission. At the same time, it is pointed out that internal mathematics 
emerges through the heteronomic framework of social interaction. Thus the important didactical 
issue for Wittmann is how to balance autonomic and heteronomic based on what criterion. 

It is nonsense to seek a solution within the existing system of knowledge for the problem of 
creation, cognition and transmission of knowledge. The solution, therefore, should be sought in 
MATHEMATICS as a situation with its implication. His basic idea is that the role of didactics 
of mathematics is how to translate appropriately MATHEMATICS as a situation into classroom 
teaching, and we believe that his proposal is TU itself. 

However, as mentioned in (2), the design of TU has objective , material, problem and 
background, but doesn’t contain the design for the classroom practice as a diachronic process of 
development. This is why the didactical significance has not been described enough for the 
teaching-learning process of TU. In other words, TU, in nature, doesn’t have an analytical 
system for how the internal mathematics of children resonates with MATHEMATICS as a 
situation in the social context and how they are shared among them as a knowledge. 

We regard language and sign as a symbol of knowledge creation and also as a necessary 
device for thought and transmission of ideas. That is to say both autonomic cognitive process 
and the heteronomic social interaction in mathematics teaching and learning are regarded as a 
process of symbolization. In our opinion, the mechanism of cognitive development in 
mathematics can be clarified in terms of Dorfler’s "symbols as objects". Therefore, our 
conclusion is that the diachronic development of any TU into classroom can be to some extent 
designed and evaluated according to Dorfler’s generalization model. 

(2) The Reinforcement of Wittmann’s TU by Dorfler’s Generalization Model 

Many TUs are always designed in terms of four elements(Wittmann,1984, pp. 30-32; 1995, 
pp. 3 65-366): Objectives of TU, Materials of TU, mathematical Problems arising from the context 
of TU, and mathematical Background of TU. They could compose a TU as if they were four 
pillars for the building of TU. Both the beginning and end of TU could be clarified by taking 
them into consideration, but they cannot compose a continuous teaching process as the 
diachronic phenomenon. In other words, these are not to describe and evaluate in detail the 
teaching practice based upon TU. Therefore, it is hard to think that the theoretical framework for 
placement of TU into the process of teaching has been prepared beforehand. 

As mentioned in (1), the conceptualization of knowledge via symbolization is the essence of 
the teaching-learning process in mathematics education. Of course, this conceptualization should 
involve the active participation by children: Therefore, it is difficult to analyze diachronically 
mathematics learning unless we assume the symbolization process of internal relations embedded 
in the activity and the cognitive process which supports this symbolization. 

It is Dorfler s generalization model(1991) as shown in Fig. 1, which regards generalization 
as the essence of mathematical conceptualization and describes the generalization process 
starting from activity from the perspective of symbolization. The pre-stage of "symbols as 
objects" is called "constructive abstraction", the objective and method of activity are reflected 
upon first and the properties of elements of activities and the relation of elements are extracted 
as a result. Furthermore, the applicability of these properties and relation is considered, 
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"extensional generalization". 

After this stage, symbolical 
description of the invariants is 
removed from the original 
context and the symbol itself 
has become object of thought. 

This is to say "symbols as 
objects". The symbol here is 
an object as a variable and its 
connotation has general 
structure. And this structure 
supports "intensional general- 
ization". 

The symbol as a variable 
behaves independently as an 
object of thought in the 
"symbols as objects", which is 
the end point of "constructive 
abstraction", and the internal 
thought of the individual can 
be socialized to the external 
thought common to members 
of classroom through the 
symbols as objects. Thus this 
model of generalization gets 
uniqueness by placing the 
symbol in the model, noting 
the role of symbol as a 
medium, and this offers many 
implications for mathematics 
education from the didactical 
viewpoint. This means the analytical device by means of students* discourse and description can 
be found here for the cognitive process which propels generalization in "symbols as objects" as a 
milestone. However the cognitive system to analyze it should be prepared in advance and 
’expanded meta-cognition’ (Iwasaki and Yamaguchi, 1997) is available for this purpose. Hence 
the Dorfler’s generalization model supplemented by ’expanded meta-cognition’ reinforces the 
idea of TU, i.e. it enables us to design, practise, and evaluate the teaching process of TU based 
on the above four elements. 




Fig.l Dorfler's generalization model (1991,p.74) 



3. Design and Practice of TU "Star Patterns: What can you get by connecting points? 11 
(1) Design of this TU 

The objective of TU "Star Patterns"(Bennett,1978; Hirsch,1980) is to find a rule and 
generalize it between the figures formed by connecting points equally spaced along the 
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circumference, especially some stars, and the way those points are connected. The basic design 
of this TU is as shown below, and the main purpose of this teaching experiment is to practise 
and evaluate this TU based upon the Dorfler’s generalization model. 



The Design of TU " Star Patterns" 

Objective: to extract some properties of stars and to generalize the properties through 
symbolization 
Material : Star patterns 

Problem: ® What figure is formed by connecting two, three or four equally spaced points 
along the circumference in one stroke? The figure formed in one stroke means to 
be composed of only one closed line. 

© Connect five equally spaced points along the circumference in one stroke and name 
the formed figures. 




® Take the star figure among formed figures in the above into consideration. What 
is the way of connection when this figure is formed? 

® Draw other star figures by connecting six, seven or more points equally spaced 
along the circumference in one stroke. 

6-1 6-2 6-3 6*4 6-5 




CD 




(The rule is to connect points by line and in one stroke. Start with the marked point 
and connect points every d points. Decide how to name the figure to avoid 
confusion.) 

© When can the star figure be formed or not formed? And what is the reason for 
this? 

Background: When connecting n equally spaced points on a circle every d points in one 
stroke, the following relation holds: 

• The regular star polygon of type n-d is defined for n equally spaced points on a 
circle if and only if the formed figure satisfies the following three conditions; ® to 
connect all n points, ©to connect them every d points, and ©to connect them in 
one stroke. Therefore, following this definition, the regular star polygon includes 
not only n-sided nonsimple polygons like 7-2, 7-3 and 7-4 but also regular convex 
n-gon like as 6- 1,6-5 and 7-1 in the regular star polygons. 

• If n and d are relatively prime,' it is possible to draw a regular star polygon by 
connecting all points along circumference in one stroke. 
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• If n is a multiple of d, then the formed figure is the regular convex n/d-gon. 

* If G.C.D. of n and d is g, which is not equal to one , then the formed figure is the 
same as star polygon formed by connecting n/g equally spaced points every d/g 

points. 

The correspondence between the teaching experiment with this TU and Dorfler’s 
generalization model is as follows. In the problems CD and ® the students are supposed to 
connect in one stroke some equally spaced points along the circumference. In the problem ® , 
focusing on the case of star figure among the figures formed by connecting five equally 
distanced points, the students are supposed to describe determinant activity, ’connecting every 
two points*. In the next problem ©, the students are required to examine whether the property 
found in ® holds with other star figures. This is "extensional generalization" in the first stage. 
In the problem ©, the establishment of a mathematical relation as the objective of this TU is 
attained and it is sought to share that relation among the students in the classroom. 

For example, in problem (D, the students may symbolize the figure formed by connecting 
six equally spaced points every two points as 6-2, but it becomes practically as an object of 
thought afterwards. Further, it is important to change it to variable by means of such 
representation of letters as ’n equally spaced’ and ’every d points’. In short, this is "symbols as 
objects" in the Fig.l. Therefore in the problems @ and ®, the critical point for evaluation of 
"symbols as objects" is the transient stage from number to letter in the usage of symbol. This is 
why it becomes possible to grasp from the student’s discourse and their used symbol the 
progressive situation in the generalization stage. 

(2) Classroom Teaching and its Evaluation 

We conducted a teaching experiment of three lessons according to the teaching design with 
grade 8 students in Koi Junior High School, Hiroshima. The class was divided into six groups 
of 6 to 7 members so that they felt it easy to make a discussion. 

The students, after understanding the problem context and the method of connecting points 
according to the rule, are enthusiastically engaged in this activity. Especially they had fun with 
connecting the points equally spaced along the circumference and made steady progress in that 
activity through confirmation of figures among the members of group. Continuing with this 
activity, they have some identical figures formed and are induced naturally to explore the relation 
among them. 

The relation found by the students starts with simply ’the same as’ at the beginning and 
they proceed to the analysis of properties for symbols, that is a set of numbers in which the 
figures are identical. The relations to find are such as "A segment is formed when n is just twice 
d.", "A regular convex n-gon is formed when n is divisible by d.", "The figure formed is the 
same as the figure for the set of numbers which are n divided by G.C.D. and d by G.C.D. if 
G.C.D. of n and d is not 1.", and "A regular star polygon is formed when n and d are 
irreducible." The predicates of their statements and discourse gradually get precise and correct 
mathematically. We can observe clearly that the discovery by an individual student stimulates 
the discussion from simple figure to more complicated one and from reducible numbers to 
irreducible ones. 
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The relations which students have written on work sheets are classified from the viewpoint 
of symbols as follows: 

a) The same figure can be obtained for 6*2, 6*4, and 9*3. 

b) The same figure can be obtained for 6*2 and 9*3. In both cases the quotient is 3 and 
the equilateral triangle is formed. 

c) An equilateral triangle is formed when the quotient is 3 such as 6*2 and 9*3. 

d) A regular convex n-gon is formed with □ vertexes for □ *1. 

e) A regular star polygon is formed when x is not divisible by y in x*y. 

The description a) is about the congruent figures. The symbols, 6*2, 6-4, and 9*3, are names 
given to each figure. The descriptions from b) to e) are relations to be found when figures and 
numbers are interlinked and pairs of numbers such as 6-2 and 9*3 are an object of consideration 
here. However, while in b) only the specific figure drawn on paper is dealt with, in c) 6*2 and 
9-3 are mere examples and it is shown that this relation holds with other pairs of numbers. This 
is characterized in the expression, ’such as’. The expression about the relation expands its 
denotation through acquisition of generality but "symbols as objects” is not attained yet. The 
description d) may be a transient stage from the specific number to the letter as a variable. In e) 
the total number of equally spaced points along the circumference and the distance of connected 
points are made variables in terms of x and y. This shows "symbols as objects" can be 
achieved. 

The description and discourse by students in a) to e) can be regarded as external expression 
of internal thought. The expressions a) to e) can be analyzed from the perspective of cognitive 
theory as follows. The expression a) can be obtained by focusing on the visual similarities 
between figures and, on the other hand, the expressions from b) to e) can be obtained by 
abstraction of the relation between drawn figures and their numbers. And unless due attention is 
paid to such a view, the transition from the stage a) to the other stage cannot be fulfilled. 
Meanwhile, the gap between b) and c) depends upon whether the consideration can be directed 
towards extensive generalization which is implied by the word "such as" and the sentence form 
"if ^ , then". The consideration in the case c) can be called meta-cognitive because it reflects the 
applicability of the hypothetical schema concerning drawn star polygons, and it determines the 
difference between the descriptions b) and c) whether the invariants are considered. In any case, 
the considerations of b) and c) are confined to the inductive inference based upon the specific 
figures in the problems, and the relation obtained from observation of those figures is 
hypothetically formulated as personal schema. 

Henceforth the descriptions in b) and c) are not necessaiy to explain or persuade the others, 
because of its visual self-evidence, but they are quite defenseless to the question ’Why?’ out of 
other students or teacher. The deductive inference is necessaiy to surmount the limitation of 
perceptive explanation and it can be achieved together with symbolization and variablization of 
the relation. As being considered in the above, the descriptions in d) and e) can be regarded the 
transient stage towards symbolization of relation or the stage in which that symbolization is 
attained, but the objective of the consideration behind them of course differs from the one of the 
previous stage. This is to say the objective of consideration here is to verify deductively the 
personal schema, i.e. a hypothetical description of various relations underlying star polygons. The 
the descriptions in d) and e) could not be reached if it were not for meta-cognition which 
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regarded hypothetical schema as an object of considerations and conceptualize it. And the source 
for such meta-cognitive consideration can be sought in the social interaction in the classroom. It 
is TU based on MATHEMATICS that provides the appropriate situation for the social 
interaction. 

While evaluating the activity by student, the value of this TU as a teaching material should 
be evaluated simultaneously. In fact star polygons have more mathematical properties than 
listed here. It is possible for example to extend the definition of regular convex n-gon in terms 
of regular star polygon with n/d vertexes, and furthermore to deduce a group theory from the 
point of symmetry. In this sense this is a teaching material for TU, which has a lot of 
potentiality and appropriate material for experiencing the process of mathematization. 

4. Summary and Future Issues 

Wittmann declares that the important results of research in mathematics education are sets 
of carefully designed and empirically studied TU that are based on fundamental theoretical 
principles. (1995, p.365) This declaration induced our research to investigate his thought and 
design-principles on TU and to clarify the point at issue on the practice of TU in the classroom. 
We proposed the new design-principles where Dorfler’s generalization model was added in. The 
teaching material "Star Pattern" was designed, practiced, and evaluated in terms of the new 
principles. We showed its effectiveness in this report. 

The accumulation of research on a large number of special groups could make the progress 
of group theory itself, said Wittmann. He indicates the research of TU may have the same story 
as the group theory in his paper of "Mathematics Education as a ’Design Science’ :"In a similar 
way, the detailed empirical study of a large number of substantial TU could prove equally 
helpful for mathematics educational 995, p.365) The new principles reinforced by Dorfler’s 
generalization model could be effective not only to the description but also as the normative 
model of the teaching process in TU. In other word, TU are the fruitful target for 
meta-cognitive research. On the contrary, TU can gain educational significance through such 
researches. 
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IN A MATHEMATICS COURSE IN PAKISTAN 



Barbara Javvorski and Elena Nardi 
University of Oxford 

Abstract 

This study is about teachers learning mathematics in a six week course in Pakistan. The 
course was research based and used a unified approach to pedagogy and content. The paper 
focuses on the learning of quadratic functions through a multi-representational approach 
linking algebraic and graphical forms. It draws on significant episodes in the learning 
process, using as evidence classroom observations, interviews with teachers, and teachers' 
and researchers' reflections. It points to the development of metacognitive awareness of the 
teachers in both mathematics and pedagogy. An aim of the research was to feed experience 
from the course into the design of materials for teachers at a distance. 

The programme 

Teachers in a Masters’ programme (MEd) in Karachi, Pakistan, were asked to 
choose a subject discipline in which to enhance their ‘content’ knowledge. Six 
of them chose to study mathematics. They came with a range of experiences. 
The two with most mathematics were lower-secondary teachers; two taught 
some mathematics at primary level; the other two did not teach mathematics. In 
their own schooling, all had followed the standard mathematics curriculum 
which was text-book based. Teachers generally follow the text book closely 
and students are expected to follow the examples precisely as given. The 
teachers acknowledged that they had experienced largely rote learning, and that 
their own teaching had encouraged this too. However, in their MEd 
programme, which had overall objectives of cooperative learning and (what 
they call) ‘friendly argumentation’, they had participated in a module in 
mathematics education which had emphasised mathematical processes in 
problem-solving and investigational work with a strong metacognitive element. 
Because they had enjoyed and been inspired by this module they chose to study 
mathematics further. 

This study involved a six-week course in mathematics which was tailored to fit 
the students’ needs. The course was designed to address common elements in 
the mornings, and to encourage students’ individually chosen study, with tutor 
support, in the afternoons. As well as the 6 MEd students, 5 other teachers, all 
more experienced mathematicians, chose to join the course on the understanding 
that it would be focused principally for the MEd students. They wanted the 
opportunity to study mathematics for a concentrated period with experienced 
tutors. 

The course tutors came from Oxford, which has a partnership agreement with 
the Aga Khan University in Karachi and contributes to selected programmes in 
a collaborative arrangement. This would be the first time that this course had 
been offered. It presented an exciting opportunity for an innovative programme 
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based on the enhancement of the teachers’ conceptual understanding of 
mathematics in chosen areas. It was designed to weave pedagogy and 
mathematics, so that students could reflect on their mathematical learning and 
consider implications for their own teaching. Students were required to keep a 
log of their mathematical thinking and write a journal of their reflections 
generally. 

The research 

The tutors decided to conduct research alongside the teaching for a number of 
purposes: 

1. To study the teachers’ responses to the programme and gain insights into 
the value of the course - in essence a course evaluation alongside its 
teaching; 

2. To gain insights into the students’ learning and to increase our wider 
understanding of teaching in certain areas of mathematics; 

3. To gain insights into the learning of mathematics in Pakistan which 
would feed into the design of materials to be used in developing the 
mathematical knowledge of teachers at a distance in Pakistan and beyond. 

The research was conducted over the six weeks, but two of those weeks were 
given a concentrated attention. During this time, two tutor-researchers worked 
with the 11 participants in the group. Mainly, one was ‘the teacher’ and the 
other was both a participant observer and interviewer. The teacher managed the 
sessions and worked with the students on mathematics, either as a whole group 
or as small groups and individuals. The observer recorded events during whole 
group sessions, and interviewed participants during self-study sessions. 

The methodology was, largely, to identify incidents significant in the 
mathematical learning of the students and to gain as much information as 
possible regarding these incidents. Incidents were identified in a number of 
ways: for example, by consensus within the group; by one or both researchers 
in discussion about what had occurred; or by one or more participants in 
interview or conversation. Data consisted of hand-written notes, audio 
recordings which were then transcribed, excerpts from students’ journals which 
they shared voluntarily with researchers, students’ more formal writings - either 
as required for assessment purposes, or written for other reasons - and 
researchers’ reflections. Analysis, which is still taking place, involves a close 
scrutiny of the data with organisation and categorisation of emerging insights, 
and triangulation where possible between different sources of data. 

The mathematical foci during the two weeks of concentrated study were 
functions and geometry. This paper focuses only on functions. 

Theoretical perspectives 

The course planners were aware that the teachers involved had a very 
mechanistic experience of algebra which was replicated in their teaching. The 
course was designed to enable teachers to address algebraic roots through a 



consideration of functions , aiming for relational understandings based on multi- 
representational approaches. The ultimate aim was that this would lead to 
teachers using more conceptual approaches to children’s learning of algebra in 
their own classrooms. 

Dreyfus and Vinner (1989), in their application of the concept- image - concept 
-definition schema on the learning of functions, suggest that concept images are 
not simply formed by definitions but by experiences. This explains the diversity 
of concept images associated with the concept of function: a correspondence 
between two variables; a rule of correspondence; a manipulation or operation; a 
formula/algebraic term/equation/graph. Additional diversity and refinement of 
these images is suggested by the students’ images when given graphs of 
functions (see also Barnes, 1988; Markovits et al 1986; Vinner, 1983). 

A major source of learners’ difficulties with functions is their lack of flexibility 
in switching representations or working on the relationships between them. 
Dreyfus and Eisenberg (1983) demonstrated evidence of such difficulties. In 
sum, students tend to view algebraic representations and graphical 
representations as being independent. Their major difficulty seems to be to shift 
between different representations of functions and to establish connections 
between static (object) and dynamic (process) aspects of its nature (Sfard, 

1991). 

Remarkably similar tendencies are evident in the behaviour of prospective 
mathematics teachers (Even, 1993): in her study, the function is seen as always 
defined by a formula or a continuous, and ‘reasonable’ graph but scant reference 
is made to links between the two. And, as Even claims, mathematics teachers 
with fragmentary and disconnected concept images of functions are not likely to 
engage in flexible multi-representational teaching. 

The following evidence is emerging from the project, some of which will be 
exemplified below: 

1. the teachers' learning of functions as a gradual journey towards the ability 
to switch between different modes of representation: equation, formula 
and graph. Their transition from a mechanistic manipulation of formulae 
to an understanding of the algebraic and graphical meanings of these 
manipulations; 

2. a unified approach in terms of pedagogy and content, which took an 
elemental learner-inclusive focus to mathematical concepts, reaped rich 
rewards in terms of teachers’ responses as in (1) and subsequent 
approaches to their own learning in other areas of mathematics; 

3. a metacognitive awareness, deriving to some extent from the research- 
related nature of the course, contributed to teachers’ growth of confidence 
in their ability to make mathematical sense, conduct their own 
mathematical study, and work in more conceptual ways with their own 
students. 
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We offer a flavour of the above evidence with reference to a particular 
significant event. Its significance was of group consensus, being recognised at 
the time it occurred and later in individual interviews and journal records. 

An exemplary case: significance in multiplying a quadratic equation by -1 

We had worked together on finding where graphs of quadratic functions ‘cut’ 
the axes. It had been established that this occurs when either x, or the function 
is zero. This gave a purpose to addressing solutions of quadratic equations, and 
provided a context for linking algebraic and graphical representations. Several 
of the teachers were very fluent in applying solution methods of factorisation, 
completing the square and quadratic formula. They acknowledged that these 
were based on memorisation, and they could say little about how the methods 
worked or about their origin. At a particular point in the whole group 
discussion, the task was to solve the equation -2x^+ 3x + 9 = 0 by the most 
efficient method possible. We continue with the words of one of the less 
experienced teachers, Sherwin, as written in his journal. 

“I intervened and requested a volunteer to solve the function using the quadratic 
formula as the negative coefficient of X 2 was leaving me somewhat sceptical as to its 
solution. The tutor acceded to my request and a volunteer endeavoured to solve the 
equation during which process, one of the steps he did was to multiply the same by -1. 
At the end of the solution of -2X 2 + 3x + 9 = 0, a member of our Math group 
[Sikunder] asked, “Will multiplying the equation by -1 change its function?”, 
following which a discussion ensued as no satisfactory answer was then available. 
Finally the tutor intervened and using the blackboard as a teaching resource, drew 
parabolas of the original equation and the amended one. For me that was the precise 
moment when I grasped what was being said.” 

The teacher continues with a “reflective analysis” on the event he had described. 
This analysis includes the following excerpts: 

"I just took it for granted that this operation would have no effect on the outcome (i.e. 
behaviour of the graph) and consequently the function would remain the same. 

The reason for my thinking in this manner was that a mathematical process 
involuntarily triggered off in my mind with reference to balancing an equation. 

The moment when [the tutor] pictorially depicted the functions of the two equations 
on the same graph, I realised “Goodness, it’s the exact opposite image of the original 
parabola." 

I conceptualised what in mathematical language is described as a reflection of the 
original function f(x) = -2X 2 + 3x + 9 in the x-axis." 

He ends with consideration of “factors that led to my understanding” These 
include: “[The tutor’s] flexibility in that she granted my request and 
compromised on the time, but not on an individual learner’s understanding; a 
group member’s question, “will multiplying by -1 ... ?”, thus ensuring thinking 
aloud and subsequent discussion between the Math group and the tutors; the 



tutor’s questions “what do you notice about these two graphs?”; the sketches of 
these two functions made by [the tutor] on the board and ultimately my actually 
doing the same thing on my calculator.” 

Later in the same session, we had started to consider another function. We use 
the words from one of the researchers in describing what occurred: 

“A highly significant moment (for both researchers and teachers, it emerged) arose 
later in the session. Discussion had moved on to the nature of the roots of an equation 
and its relationship to the graph of the function. The equation X 2 - 2x + 2 = 0 was 
shown to have no real roots. The graph was drawn of the function f(x) = X 2 - 2x + 2, 
showing an upright parabola not crossing the x-axis, i.e. with its minimum value 
above the axis. The tutor asked for an example of a function with a maximum value 
below the axis. As quick as a flash, one of the less experienced teachers, Sherwin, 
suggested just altering the signs of f(x), i.e. giving -x 2 + 2x - 2. The tutor, and 
several other teachers gasped at this response. It seemed physically to portray this 
teachers’ meaningful perception of the theory behind the -1 event. 

Later, I interviewed Sherwin and two other teachers about the significant instances for 
them of the class session, and its focus. All spoke of the -1 event and Shervvin’s later 
response. Sikundcr, who teaches mathematics at A ’level, indicated that although he 
‘knew’ in theory the relationship between roots and coefficients of an equation and 
their graphical representation, he had nevertheless for the first time realised the 
significance of the function and its inverse crossing the x-axis at the same two points. 
He felt that Sherwin had made a conceptual leap in translating this position to one 
where the graph did not cross the x-axis, seeing the generality of the inversion of the 
function through multiplication by -1.” 

As part of her reflection on this event, the researcher wrote: 

“My initial impression was that Sherwin’s suggestion was triggered by his realising 
how the coefficients^, b and c of the quadratic ax 2 + bx +c relate to its graphical 
representation (in this case a>0 implies that the parabola is ‘upward’ and a<0 implies 
it is ‘downwards’). This impression was grounded on the evidence of the class 
discussion of the roles of a, b and c while solving equations [relating to three other 
functions discussed earlier in the session]. 

“My impression was altered during the interviews. Sikunder highlighted his 
perception of Sherwin’s thinking as follows: Sherwin may have known the role that 
the coefficient a plays in the graphical representation of a quadratic function. 
However, in this case the discussion on multiplying by -1 to obtain a quadratic with 
the same roots but a reflection of the original one led him to think of a way of 
obtaining a quadratic with no roots and a maximum from a quadratic with no roots 
and a minimum. In other words the picture below on the left led him to think of the 
picture in the right 
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“Sherwin in his interview confirmed Sikundcr’s account. Significantly in the 
interviews a number of the teachers mention this incident as a poignant learning 
moment that had occurred during that morning’s session.” 

Discussion 

We have presented this episode in the above format to emphasise the 
methodology of interweaving and encouraging teachers’ metacognitive 
involvement in mathematics and pedagogy, and the reflections of all concerned 
in providing evidence to support significance in the research. We shall discuss 
issues arising from the episode and relate them to those emerging more broadly 
as analysis continues. 

Firstly, Sherwin’s intervention and Sikunder’s question indicate the interactive 
nature of whole group sessions. All participants were encouraged to contribute, 
ask questions and suggest ways forward. The “volunteer” who multiplied by -1 
to solve the equation -2x 2 + 3x + 9 = 0 was one of the less experienced 
mathematicians in the group. It became accepted that feeling uncertain should 
not be a barrier to contribution, and that mistakes were a valuable stage in 
conceptual development. There are many examples in the data which show that 
this was the case. 

Given the above approach, tutor input was just one part of the wider discussion. 
However, the greater knowledge and experience of the tutor brought with it a 
responsibility. Being aware of the nature of rote learning in most schools, and 
the Pakistani respect for and deference to those in positions of authority, the 
tutor had to exercise with caution a temptation to launch into explanations. 
Discussions between the researchers after sessions dwelt frequently on ways in 
which tutor input seemed to encourage or inhibit mathematical development in 
the group. In this case, for Sherwin and others, the input seemed to be felicitous 
in promoting useful images. However, there were other cases where it was 
judged less favourably. 

Mathematically, there was at least one important insight from this episode. 
Sherwin expected that multiplication by -1 would not change the function, 
relating this to what he knew about “balancing an equation”. The language used 
was occasionally problematic. For example, in the first line quoted from 
Sherwin, he says “ ... volunteer to solve the function using the quadratic 
formula ... Did he mean here “the function”, or was this a language slip? If 
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he meant it, did this imply that he thought it possible to ‘solve a function’? If 
so, what did this mean, for him? Was he confused by the difference between an 
equation and a function? Is this a source of wider confusion for students? Later 
he seems to see the difference, when he comments on the “reflection” of the 
original function in the x-axis, and moreover when he makes the conceptual leap 
to a different function. Has the conceptual development here allowed him to 
become clearer about the relationship between functions and equations, as well 
as between the algebraic representation and the graphical one? 

For more experienced mathematicians this episode also had mathematical 
significance. Sikunder, an A’level teacher, acknowledged his own developing 
concept. Others indicated similar experiences. Participants of widely varying 
experience worked together for mutual benefit, the more experienced 
recognising new images and perspectives emerging from their work. Again, we 
have considerable evidence from observations, interviews and participants' 
writing. 

Sherwin’s “reflective analysis” and “factors that led to my understanding” 
exemplify the metacognitive element of teachers’ thinking. This metacognition 
was a result not only of this course per se, but also of the ethos of the MEd 
course as a whole, where students were overtly required to reflect and to write 
their reflections. Whatever the basis, however, the quality of this reflection is 
evident in Sherwin’s analysis. Such quality extended to all participants. We 
were overwhelmingly impressed by the quality of insights both mathematical 
and pedagogical which emerged during the research. 

The research was an important element in the developments which took place. 
After early reservations were overcome, participants welcomed individual 
interviews as opportunities to talk to the tutors about their developing thinking. 
These interviews, as other researchers have observed (e.g. Steffe, 1983), were a 
formative element in the teaching of the course. Teachers gained confidence 
from their participation in a research project. They offered, willingly, their 
written reflections for the tutors to read and provide comments. They also 
exchanged reflections and wrote comments for each other, a normal routine in 
the MEd course. 

One final remark at this stage: an objective of the research was to gain insights 
into the learning of mathematics in Pakistan which would feed into the design of 
materials to be used in developing the mathematical knowledge of teachers at a 
distance. Such insights are many and varied. However, an issue which arises 
concerns a tension between the open, participatory nature of this course, and the 
need to provide some measure of closure in materials for distance learning. For 
example, given the importance of conceptual understanding arising from the -1 
episode, materials could valuably include some work around this concept. But, 
how should it be introduced? What should students be asked to do? How might 
comments be provided? Can such a ‘AHA’ moment be anticipated/replicated? 
When AHA moments occur, at a distance, where is the experienced tutor to 
offer just the level pf input which can be fruitful? How is a metacognitive 
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element developed at a distance? We are grappling with these issues currently 
as we start to produce materials alongside the other participants. 
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CHARACTERISING MATHEMATICS TEACHING 
USING THE TEACHING TRIAD 

Barbara Jaworski Despina Potari 

University of Oxford, U.K. University o f Patras, GR. 

This paper reports ongoing research which attempts to make sense of 
the complexity of mathematics teaching at secondary school level. The 
research was conducted in partnership between two teachers and two 
researchers over one school term in two U.K. schools. A theoretical 
construct , the Teaching Triad , was used both as an analytical device (by 
the researchers) and as a reflective agent for teaching development (by 
the teachers). The focus here is on the methodology of the project , 
exemplified through substantive issues which emerged. 

Background 

Our starting points in exploring classroom mathematics teaching are: 

1 . that the complexity of teaching-learning situations is such that any attempt to 
provide holistic descriptions is rapidly shown to be hollow (Bauersfeld, 1988); 

2. that the essence of teaching/learning processes lies in classroom interactions, 
the analysis of which provides the key to understanding the complexity 
acknowledged in (1); 

3. that teachers work from a position of sincerity and professionalism in seeking 
for students' mathematical development. 

The research mainly fits Wagner’s (1997) second category of researcher- 
practitioner cooperation, "clinical partnership", in which the researchers are the 
main agents of enquiry and the practitioners those whose work is under scrutiny. 
However, in this research teachers are also consultants in the analytical process, and 
their perceptions are central to research analyses. The basis of our methodology is 
the close scrutiny of classroom lessons and teachers' thinking motivating those 
lessons. This involves a m/craanalysis of classroom interactions, and a related 
macroanalysis drawing on the thinking and reflections of participants including 
students, teachers and researchers. The research takes place as part of an evolving 
tradition which recognises the classroom as a social setting and analyses teacher- 
student interactions as central to the constitution of this setting (e.g. Cobb, Wood & 
Yackel, 1992; Steinbring, 1993; Jaworski, 1991; Simon, 1995; Voigt 1996). 

The Teaching Triad 

The Teaching Triad emerged from an ethnographic study of investigative 
mathematics teaching by one of the authors (Jaworski, 1991). It describes or 
characterises the teaching in a classroom, attempting to provide a framework to 
capture the essential elements of the complexity involved. It encompasses three 
domains: the management of learning (ML); sensitivity to students (SS) and 
mathematical challenge (MC). 
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Management 
of Learning 




Sensitivity / .Mathematical 

to Students Challenge 

Briefly, ML describes the teacher's role in the constitution of the classroom 
learning environment by the teacher and students. Thus it includes the classroom 
groupings; planning of tasks and activity; setting of norms and so on. SS describes 
the teacher's knowledge of students and attention to their needs; the ways in which 
the teacher interacts with individuals and guides group interactions. MC describes 
the challenges offered to students to engender mathematical thinking and activity. 
This includes tasks set, questions posed and emphasis on metacognitive processing. 
These domains are closely interlinked and interdependent, although their 
dependence can be seen in a variety of ways, which is one object of study in the 
current research. 

The current research 

During an earlier research project, the two teachers had expressed, independently, 
an interest in the teaching triad as a useful device in helping them to reflect on and 
improve their mathematics teaching (See, for example, Jaworski & Edwards, 
1997). Although it had emerged from the context of investigative teaching, the 
teaching triad was now to be tested against teaching which might or might not be 
described as investigative. Thus it was hoped both to use the triad to gain insights 
into the observed teaching, and also to test out its applicability to teaching more 
broadly. 

The two teachers designed and taught lessons to a number of classes of students and 
reflected on practices and outcomes. The chosen classes encompassed a range of 
ages and abilities in Years 7 to 12 (ages 11 to 17). Lessons were observed by one 
or both researchers who recorded interactions in classroom notes and audio or 
video recordings. Teachers and researchers talked at length, about the lessons and 
issues arising from them, both in school and as a foursome out of school. 
Objectives of the participants were complementary, but not the same. For the 
teachers, a major objective was to gain insights into their own practices in order to 
develop or improve teaching. Researchers sought the nature of the practices 
observed, issues arising and theoretical conceptualisations of the teaching. 



It is important to recognise, in this research, that lessons do not follow a set format 
and there are no standard forms of interaction. While there are some patterns in 
approaches used and interactions observed, there are nevertheless many different 
styles of lessons depending on the particular objectives on which a lesson is based. 
Thus, any episodes quoted as examples should not be seen as generic of the teaching 
as a whole. Rather they will be used to provide insights into practices, issues and 
research analyses. However, we take seriously the words of Cooney, who writes 

But if we are to move beyond collecting interesting stories, theoretical perspectives need to be 
developed that allow us to see how those stories begin to tell a larger story. That is we should be 
interested in how local theories about teachers can contribute to a more general theory about 
teacher education. (Cooney, 1994, p. 627 ) 

Ultimately we are interested in how our approach, using the teaching triad, can 
provide a means for contributing to a more general theory of describing and 
interpreting teaching practice, and ultimately to indications for teacher education. 

In this spirit we offer, below, analysis of a lesson which will exemplify our 
approach, and indicate how this approach leads to theory generation. First, 
however, we address, briefly, areas of research to which this study is related. 

A number of researchers have investigated mathematics teaching by considering its 
effect on students' cognitive development. Moreover, they have examined the 
development of the teaching when the emphasis is on students' learning (See for 
example, Wood, Cobb, Yackel & Dillon, 1993; Steffe & Wiegel, 1992). Steinbring 
(1997) investigated teaching by considering the development of mathematical 
meaning through an interplay between social constraints of the communicative 
process and the epistemological structure of the mathematical knowledge. The 
studies of Cobb, Yackel & Wood ( 1989) and a number of studies reported by 
McLeod (1994) (the work of Williams and his colleagues e.g.. Williams & Baxter, 
1993) analyse the relationships among discourse, learning, and affect in 
mathematics classrooms. Other studies consider the role of the wider social context 
on introducing innovations in mathematics teaching (see for example Dillon, 1993). 
These examples highlight different focuses in related research on mathematics 
teaching. Hoyles (1988) emphasises the need to develop tools of analysis of the 
teaching/leaming situation so that to cope with the complexity without "focusing 
solely on cognitive aspects, on attitude of the teacher, on classroom practices, and 
so forth". By using the theoretical construct of the teaching triad, we aim to address 
this complexity. 

Exemplifying the analytical process: Lesson: Packing Cubes 

Episode 1 - Lesson's opening 

Teacher A’s class was divided into groups of 4, 5 or 6 students. She gave each 
group sheets of squared paper, some card, and a sheet describing a problem. 
Multilink cubes were also available for use. The problem was to design a box to 
contain 48 cubes, each of side 2 cm, using a minimum amount of card. Each group 
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had to work on this task and provide a group solution. The lesson opened with an 
interactive whole class session in which the task was clarified. She invited someone 
to come to the board and draw a 2cm cube. Michael accepted the invitation and 
drew a 2cm square. Some students said that it was a square (i.e. not a cube). The 
teacher acknowledged it as ”a cube facing the front". Another student came 
forward and drew a cube. The teacher asked him "Can you write your dimensions 
as Michael has done?" 

The teacher then clarified the problem: "You need to make a box to fit 48 of those 
cubes. The squared paper is to try out some designs. It is a group project. 
Everyone needs to be busy." She paused, waiting for silence in the room. "The 
company will give a prize to the one who has used the least card. We want to find 
the best shape and size of box". 

In our analysis, it was not difficult to fit the triad to this opening. In the category 
of ML, we recognised the teacher’s organisation of the class into groups (a regular 
feature of her lessons); her planning and organisation of the task; her management 
of the whole class situation in which she introduced the task; and her responses to 
the students who participated. All of these are part of the teacher’s organisation of 
the learning environment, her developing of social skills within the classroom 
setting, and her creation of opportunity to engage in mathematics. 

In the category of SS, we placed her mode of introduction of the task, and her 
particular responses to students. She wanted all students to be able to make a start 
on the task, hence she offered a practical context, resources, and clarification of the 
problem. She engaged students in her introduction and was careful to value, and 
encourage others to value, their contributions. 

As well as valuing Michael’s contribution, her words "a cube facing the front” 
acknowledged another perspective of what students saw as a square. Thus she 
opened up mathematical challenge (MC), initially manifested in the problem itself, 
and enhanced through her contextual emphasis on optimisation in the box. 



Episode 2 - Interacting with a group of students 

We focus on a subsequent interaction between the teacher and two boys, Tom and 
Stewart. The boys had two different organisations of the 48 cubes: Tom with 48 
cubes in a line; Stewart with a 2x4x6 (4x8x12cm 3 ) cuboid. They had each drawn 
nets of their solids to enable them to calculate surface area (respectively 776cm 2 
and 352cm 2 ), and had worked out the volume (384cm 3 ). The teacher looked at 
these two cases with the boys, and it was acknowledged that, although their volume 
was the same, Tom’s surface area was greater than Stewart’s. Tom’s contribution 
to the discussion, seemed to indicate his understanding of the situation. At this 
point, Stewart’s understanding was less clear. 



The dialogue below followed immediately. One remark followed quickly on 
another and often the participants were all talking at the same time. (T: Teacher; 
Tn- Tom; S: Stewart): 
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1 T. [To Tom] Brilliant, Good. That's right. OK. But, by putting them like this, - 

which you knew was going to be bigger because (contributing voices drown 
her words) so, your nets going to be 776 cm 2 and Stewart's net's going to be 
only 352cm 2 . Now I want you to think why Stewart's is less. 

2 S. Cause mine s higher and wider and 

3 To It's easier to fit in the trolley. [He refers to a supermarket trolley] 

3 T. It is easier to fit in the trolley, yes. 

4 S. Because mine's got more height and width than Tom's. 

5 T. Right, so it will be (many voices) consequently its been made 

6 S. Shorter 

7 T. Shorter, (many voices) 

8 S. More compact 

9 T. Right. Compact. Good. Right now, is Stewart's model the most compact 

model you can come up with, or is there anything better? Well. I don't 
know. Let's look at James and John's to see if they've done better. 

10 [Some interruption here from other students to whom the teacher responds] 

11 T. Stewart, you have done really well so far, OK? 



13 T. But you need to make sure you are listening in to the other's designs as well. 

A triadic microanalysis shows considerable complexity here. 

1. Praise for Tom: teacher values his thinking and contribution (SS). The 

teacher offers a refined challenge (MC) based on students' immediate thinking 



2-8 Teacher's questions lead to Stewart's articulation of his perspective. Despite 
seeming ambiguity of words chosen, the teacher seems satisfied that Stewart 
understands the position. His use of the word 'compact' seems particularly 
important in capturing the concept which the teacher seeks. A complexity 
here of ML and SS, as the teacher manages the situation with questions which 
impose limits on the dialogue, and allow Stewart to express what he sees. 

9 Teacher's emphasis of key word, 'compact', values Stewart's articulation (SS). 
Teacher uses Stewart's language to pose a further challenge: (MC). She 
emphasises the value of group sharing and negotiation: (ML). 

10 Attention to other students and classroom norms (ML) 

11-12 Praise for Stewart (SS) which Stewart acknowledges. 

13 Reminding Stewart of the importance of collaboration (ML). 

Within the category of management of learning we see 

1. the created environment: including classroom groupings, the set task, and 
expectations of a) collaborative working, b) expression of mathematical 
thinking, c) students' autonomy in their activity; 



12 S. Yes. 



(SS). 
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2. her interactions with individuals and groups in which her questions focus 
students’ attention conceptually and encourage their own articulations, 
balancing teacher input with student autonomy; 

3. her reminders of classroom norms and requirements of the set task. 

Sensitivity to students is manifested in her attention to individuals or groups: 
finding out what they have done, gaining access to their thinking, praising their 
achievements, judging responses to them relative to her conceptually-based 
objectives. 

Mathematical challenge appears evident in the task itself, in expectations that 
individuals will direct their own activity (e.g. in choosing their own organisations 
of the cubes to explore), and in focused questions to enable concepts to be tackled. 

The interdependence of these categories can be seen in terms of sensitivity needing 
to fit with challenge and vice versa - challenges without appropriate sensitivity 
might fall on stony ground - and in the construction of the learning environment 
which provides opportunities and supports participation. 

At the macro level, the teacher has a clear agenda about what she wants students to 
achieve. Through a freedom to select their own organisations of the 48 cubes, and 
a comparison of different organisations within a group, she wants them to recognise 
same volume, but different areas, and subsequently to seek the minimum area. 
Providing freedom requires that her further challenges are designed to fit students’ 
thinking. She encourages articulation of their current conceptualisation which 
allows them to inform her of their thinking and potentially to clarify the thinking. 

In planning this particular lesson, the teacher drew a diagram with the three 
elements of the TT and tried to fit her planning to this diagram. First, she started to 
consider the kind of mathematical challenge that she could offer to the students. 
Then she moved to the management of learning where she considered the resources 
she needed to offer, the classroom organisation, the encouragement of 
communication in the group. The sensitivity to students was seen as a way of 
providing students the chance to explore, discuss, argue but also to encourage 
building of confidence on their own ideas. Sensitivity was also seen by the teacher 
as the base for further mathematical challenges meaningful to students. 

The episode, both in the opening of the lesson and in the teacher’s interaction with 
the two boys, shows close harmony between sensitivity and challenge in the 
cognitive domain within a management of learning which values students’ activity 
and thinking, and emphasises collaborative work in supporting concept 
construction. A conjecture is that teaching is most effective when these three 
categories seem at their most harmonious. 

Sensitivity and Challenge: The Cognitive and the Affective 

While mathematical challenge can be seen to operate largely in the cognitive 
domain, sensitivity seems to work in both the cognitive and the affective domains 



for the mathematical learner. A clear characteristic of Teacher A's teaching is her 
concern for affective elements in her classroom. This concern goes alongside the 
cognitive dimension of her teaching as may be seen in the lesson opening. She was 
concerned as much for Michael’s self-esteem, as for his cognitive development of 
the concept of ’cube’. She is overtly concerned about students’ ‘self-esteem’ in her 
lessons, which was the subject of her own previous research into her teaching 
(Jaworski & Edwards, 1997). This might be seen as a factor principally of an 
affective nature. It concerns students’ personal belief in, and valuing of, their 
ability to do mathematics and think mathematically. It concerns students' wellbeing 
within the classroom setting, and this does not necessarily include a cognitive 
dimension. Sometimes, for Teacher A, it was important to question the direction of 
affective considerations and tie them to cognition in order to judge classroom 
episodes as effective in learning terms. The balance between affect and cognition 
was one of the improvements she wanted to make in her teaching in this particular 
class. She chose to study her teaching in this class because she felt that she probably 
didn't offer to the students the cognitive challenge they needed although they were 
happy and had developed good relationship with her. She wanted to "push them 
further". 

An analysis which attends to cognitive and affective elements and their relation to 
sensitivity and challenge in the teaching triad has potential to be informative to 
teaching development. This relation started to emerge from observing and 
analysing teacher A's teaching and from the discussions with her. At a subsequent 
level, it provided the teacher the opportunity to analyse further how she conceived 
her sensitivity to the students both in planning her lesson and in reflecting on it. 
Further analysis of her lessons is needed to see whether this awareness actually led 
to a development of her teaching. 

We have been unable in the space of this paper to address the teaching of Teacher 
B. The two taken together offer important similarities and counterpoints which 
enable us to subject the research to a more critical scrutiny and provide a wider 
perspective on the teaching triad. For example, episodes from both teachers in 
which the degree of harmony between sensitivity and challenge is considerably less 
that in the example quoted in this paper allow relationships within the triad to 
emerge more clearly. Ways in which the teaching of the two teachers is 
characterised differently through the triad provide, again, valuable evidence for its 
analytical and descriptive power. 

In conclusion 

Microanalysis reveals the finer points of interactions which highlight the issues for 
a teacher in creating challenges and responding to students’ needs. Challenge and 
sensitivity need to be in harmony, but what are the elements of this harmony? 
Analysis is starting to show certain patterns in interactions which will lead to 
general propositions which can be tested further by these teachers and others. 
Already indications of ways in which the triad interfaces with cognitive and 



affective dimensions of teaching are proving fruitful in gaining insights into 
effective interactions. Teachers’ reflections on episodes offer counterpoints to 
researchers’ analyses which remain to be developed further. Ultimately, the theory 
emerging from this research will be in the form of indicators which can be tested in 
other classrooms. 
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The Mediation of Learning within a Dynamic Geometry Environment 

Keith Jones 

The University of Southampton, United Kingdom 

Computer-based learning environments promise much in terms of 
enhancing mathematics learning. Yet much remains unclear about the 
relationship between the computer environment, the activities it might 
support , and the knowledge that might emerge from such activities . The 
analysis presented in this paper is offered as a contribution to 
understanding the relationship between the specific tool being used, in this 
case the dynamic geometry environment Cabri-Geometre, and the kind of 
thinking that may develop as a result of interactions with the tool . Through this 
analysis I suggest a number of effects of the mediational role of this 
particular computer environment. 

Introduction 

Computer-based learning environments continue to be a seductive notion in 
mathematics education. As Balacheffand Kaput (1996 p469) explain, it is possible for 
such environments to have an intrinsic cognitive character which is unique when 
compared to other learning materials. This means that such environments may be able 
to offer “a channel of access to the world of formal [mathematical] systems” (Noss 
1997 p30). The promise is that through using particular software in carefully designed 
ways, it is possible simultaneously to use and come to understand important aspects of 
mathematics, something that in other circumstances can be particularly elusive. 

One type of promising environment identified by Balacheff and Kaput (1996 p492) 
features what is commonly referred to as the “direct manipulation” of mathematical 
objects and relations. Prime examples of this type of software development are 
dynamic geometry environments (DGEs), such as Cabri-Geometre. Yet, as diSessa et 
al (1995 p2) point out, significant issues with important practical ramifications remain 
under-researched. A vital question, and the theme of this paper, concerns the 
relationsliip between the specific tool being used and the kind of tliinking that may develop 
as a result of interactions with the tool. 

This paper explores some early findings from a longitudinal study aimed at 
investigating how using the dynamic geometiy package Cabri-Geometre mediates the 
learning of certain geometrical concepts, specifically the geometrical properties of the 
‘family’ of quadrilaterals. In what follows I suggest some aspects of the mediational 
role of the DGE Cabri-Geometre. 1 begin by outlining the theoretical basis of this view of 
tool mediation. 
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Theoretical Framework 

From a sociocultural viewpoint, the development of mathematical reasoning is viewed 
as culturally mediated, through language and through the use of artifacts, both of which 
are referred to as tools. For example, Rogoff (1990 pl3) argues that “children’s 
cognitive development must be understood not only as taking place with social support 
in interaction with others, but also as involving the development of skill with socio- 
historically developed tools that mediate intellectual activity”. Such a perspective 
builds on the work of Vygotsky who stressed that “the central fact about our 
psychology is the fact of mediation” (Vygotsky 1982 pi 66). Wertsch too extends 
Vygotskian ideas by incorporating elements from the work of Bakhtin (Wertsch 1991, 
Wertsch et al 1995) demonstrating how language is a mediating influence which “lies 
on the borderline between oneself and the other .... [so that] expropriating it, forcing it 
to submit to one’s own intentions and actions, is a difficult and complicated process” 
(Bakhtin 1981 pp 293-294). As Cobb (1997 pl70) confirms “tool use is central to the 
process by which students mathematize their activity”, and further that “anticipating 
how students might act with particular tools and what they might learn as they do so is 
central to our attempts to support their mathematical development” 

Such theoretical work suggest some elements of tool mediation which can be 
summarised as follows: 

1 . Tools are instruments of access to the knowledge, activities and practices of a 
community. 

2. The types of tools existent within a practice are interrelated in intricate ways with 
the understandings that participants in the practice can construct. 

3. Tools do not serve simply to facilitate mental processes that would otherwise exist, 
rather they fundamentally shape and transform them. 

4. Tools mediate the user’s action - they exist between the user and the world and 
transform the user’s activity upon the world. 

5. Action can not be reduced or mechanistically determined by such tools, rather such 
action always involves an inherent tension between the mediational means and the 
individual or individuals using them in unique, concrete instances. 

Examples of mathematics education research which make use of the notion of tool 
mediation include Cobb’s study of the 100 board (Cobb 1993), Saljo’s work on the 
rule of 3 for calculating ratios (Saljo 1991), and Meira’s examination of using gears to 
instantiate ratios (Meira 1995). 

Applying such notions to learning geometry within a DGE suggests that learning 
geometrical ideas using a DGE may not involve a fully ‘direct’ action on the 
geometrical theorems as inferred by the notion of ‘direct manipulation’, but an indirect 
action mediated by aspects of die computer environment. This is because the DGE has 
itself been shaped both by prior human practice and by aspects of computer 
architecture. This means that the learning taking place using the tool, while benefiting 
from the mental work that produced the particular form of software, is shaped by the 
tool in particular ways. 



Some aspects of the mediational impact of Cabri-geont&tre 

Applying this theoretical perspective to the implementation of Cabri 1 for the PC, 

together with a reading of previous research (for example: Goldenberg and Cuoco 

1998, Holzl 1996, Jones 1996, 1997), leads to the following being identified as 

possible mediating influences on learners using this particular tool: 

1 . The layout of the interface with the separation of the creation and construction 
menus. 

2. Ihe default cursor operation, which is drag rather than, say, the creation of a point. 

3. The existence of a number of different forms of point in Cabri 1 : basic point, point 
on object, (point of) intersection - not to mention midpoint, symmetrical point, and 
locus of points , plus centre of a circle; also rad pt (radius point) and circle point. 

4. The existence of a number of several forms of line: basic line, line segment, line by 
two pts (points) - not to mention parallel line, perpendicular line, plus 
perpendicular bisector, and (angle) bisector. 

5. The existence of two different forms of circle: basic circle, circle by centre & rad 
Pt 

6. The implementation of the drag-mode within the software which entails decisions 
being made about the behaviour of the geometrical objects when they are dragged. 
For example basic circle and circle by centre & rad pt behave differently under the 
drag-mode. 

7. The fact that some points can be dragged while others cannot. For example, 
constructed points such as a (point of) intersection or a midpoint cannot be 
dragged, while others, such as a point on object can be dragged but only in a 
particular way. 

8. The behaviour of a point placed arbitrarily on a line segment when an end-point of 
the segment is dragged. 

9. The sequential organisation of actions in producing a geometrical figure. This 
implies the introduction of explicit order where, for most of the users, order is not 
normally expected or does not even matter. For example, Cabri-geometre induces 
an orientation on the objects: a segment AB can seem orientated because A is 
created before B. This influences which points can be dragged and effectively 
pioduces a hierarchy of dependencies in a complex figure. 

None of the above is necessarily a criticism of Cabri. In the implementation of such 
software, decisions have to be made. The point is that the decisions that are made 
mediate the learning. The remainder of this paper documents some examples of this 
shaping of learning within this particular DGE in an attempt to reveal possible tensions 
between the tool and the actions of the learners. 

Empirical study 

The empirical vvorlc on which the observations below are based is a longitudinal study 
examining how using the dynamic geometry package Cabri-geometre mediates the 
earning of geometrical concepts. The focus for the study is how “instructional artifacts 
and representational systems are actually used and transformed by students in activity” 
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(Meira 1995 pl03, emphasis in original) rather than simply asking whether the 
students learn particular aspects of geometry “better” by using a tool such as Cabri. 

The data is in the form of case studies of five pairs of 12 years old pupils working 
through a sequence of specially designed tasks requiring the construction of various 
quadrilaterals using Cabri-geometre in their regular classroom over a nine month period. 
The version of Cabri in use was Cabri 1 for the PC. Sessions were video and audio 
recorded and then transcribed. In all, over 40 lesson transcripts are being analysed in two 
phases. The first phases identified examples of tool mediation, a number of which are 
illustrated below. The second phase, currently in progress, is intended to track the genesis 
of such tool mediation of learning. 

Examples of tool mediation 

Below are four examples of extracts from classroom transcripts which reveal aspects 
of the tool mediation of learning within the dynamic geometry environment. 

Example 1 

Pair Ru and Ha are checking, part way through a construction, that the figure is 
invariant when any basic point is dragged 
Ru Just see if they all stay together first. 

Ha OK. 

Ru Pick up by one of the edge points. [H drags a point] 

Ha & Ru Yeah, it stays together! 

(together) 

Note the pupils use of the phrase “all stay together” to refer to invariance and the 
term “edge point” rather than either radius point (or rad pt as the drop-down menu 
calls it) or circle point (as the help file calls that form of point). 

Example 2 

Pair Ho and Cl are in the process of constructing a rhombus. As they go about 
constructing a number of points of intersection, one of the students comments: 

Ho: A bit like glue really. It’s just glued them together. 

This spontaneous use of the term glue has been observed by other researchers 
(Ainley and Pratt 1 995) and is all the more striking given the fact that earlier on in the 
lesson the pupils had confidently referred to points of intersection as just that. 

Example 3 

Pair Ru and Ha are constructing a square using a diagram presented on paper as a 

starting point. After a short discussion the pair begin by constructing two interlocking 
circles: 

Ha If .. .I .. erm .. 

I reckon we should do that circle first. 

Ru Do the line first. 

No, the circle. Then we can put a line from that centre point of the circle. 

Ru Yeah, all right then. 





3-99 



Ha 



You can see one .. circle there, another there and another small one in the middle. 

The inference from this extract is that previous successful construction with the 
software package influences the way learners construct new figures. 

Example 4 

Pupils Ru and Ha have constructed a square and are in the process of trying to 
formulate an argument as to why the figure is a square. I intervene by asking them 
what they can say about the diagonals of the shape (in the transcript I refers to me). 



Ru 


They are all diagonals. 




I 


No, in geometry, diagonals are the lines that go from a vertex, from a corner, to 
another vertex. 


Ru 


Yeah, but so’ s that, from there to there. 




I 


That’s a side. 




Ru 


Yeah, but if we were to pick it up like that ... 


... like that. Then they’re diagonals 



Pupil Ru is confounding diagonal with oblique, not an uncommon incident in lower 
secondary school mathematics. Here the software cannot provide any assistance to the 
student, indeed the drag facility allows any straight line to be moved to appear to the 
learner to have an oblique orientation. Furthermore, in terms of the specialised 
language of mathematics, such software can not hope to provide the range of terms 
required nor could it be expected to do so. Such exchanges call for sensitive judgement 
by the teacher. 

Some observations on the examples 

The examples given above are representative of occurrences within a number of the 
case studies. A number of comments can be made on these extracts which illustrate 
how learning within the computer environment is shaped by the nature of the mediating 
tool. 

First, it appears that learners find the need to invent terms. In example 1 above, the 
pupil pair employ the phrase “all stay together’" to refer to invariance and coin the term 
“edge point” to refer to a point on the circumference of a circle. To some extent this 
parallels the need of the software designers to provide descriptors for the various 
different forms of point they are forced to use. Yet research on pupil learning with 
Logo suggests that learners use a hybrid of Logo and natural language when talking 
through problem solving strategies (for example, Hoyles 1996). This, I would argue, is 
one effect of tool mediation by the software environment. 

A second instance of the mediation of learning is when children appear to understand a 
particular aspect of the computer environment, in example 2 above it is the notion of 
points of intersection, but in fact they have entirely their own perspective. In this 
example, one student thinks of points of intersection as ‘glue’ which will bind together 
geometrical objects such as lines and circles. This, I would suggest, is an example of 
Wertsch’s (1991) ‘ventriloquating’, a term developed from the ideas of Bakhtin, where 
children employ a term such as intersection but, in the process, inhabit them with their 
own ideas. 
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A third illustration of the mediation of learning is how earlier experiences of 
successfully constructing figures can tend to structure later constructions. In example 3 
above, the pair had successfully used intersecting circles to construct figures that are 
invariant under drag and would keep returning to this approach despite there being a 
number of different, though equally valid, alternatives. 

Following from this last point, a further mediation effect can be that the DGE might 
encourage a procedural effect with children focusing on the sequence of construction 
rather than on analysing the geometrical structure of the problem. Thus pair Ru and 
Ha, rather than focusing on geometry might be focusing rather more on the procedure 
of construction. This may also be a consequence of the sequential organisation of 
actions implicit in a construction in Cabri-Geometre. 

A fifth illustration of the mediation of learning within the DGE is that even if the drag 
mode allows a focus on invariance, pupils may not necessarily appreciate the 
significance of this. Thus hoping points of intersection will ‘glue’ a figure together, or 
that constructing a figure in a particular order will ensure it is invariant under drag, 
does not necessarily imply a particularly sophisticated notion of invariance. 

From the examples given above, a sixth illustration of the mediation of learning is 
provided by an analysis of the interactions with the teacher (in this case the 
researcher). The challenge for the teacher/researcher is to provide input that serves the 
learners’ communicative needs. As Jones (1997 pi 27) remarks “the explanation of 
why the shape is a square is not simply and freely available within the computer 
environment”. It needs to be sought out and, as such, it is mediated by aspects of the 
computer environment and by the approach adopted by the teacher. 

Concluding remarks 

In this paper I have suggested some outcomes of the mediational role of the DGE 
Cabri-Geometre. While such outcomes refer to only one form of computer-based 
mathematics learning environment, these outcomes are similar to those emerging from 
research into pupils’ learning with Logo (See Hoyles 1996 pi 03-107): 

1. Children working with computers become centrated on the screen product at the 
expense of reflection upon its construction 

2. Students do not mobilise geometric understandings in the computer context 

3 . Students modify the figure “to make it look right” rather than debug the 
construction process 

4 . Students do not appreciate how the computer tools they use constrain their 
behaviour 

5 . After making inductive generalisations, students frequently fail to apply them to a 
new situation 

6. Students have difficulty distinguisliing their own conceptual problems from 
problems arising from the way the software happens to work 

7 . Manipulation of drawings on the screen does not necessarily mean that the 
conceptual properties of the geometrical figure are appreciated 
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As Hoyles remarks, such indications are intended to capture some of the general in the 
specific and thereby generate issues for further research. The finding from this study of the 
dynamic geometry package Cabri-Geometre may well prove useful both to teachers using, 
or tliinking about using, this form of software and to designers of such learning 
environments, as well as contribute to the further development of theoretical explanations 
of mathematics learning. 
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USING INFORMATION SYSTEMS FOR MATHEMATICAL PROBLEM 
SOLVING: A NEW PHILOSOPHICAL PERSPECTIVE 



ABSTRACT 

This paper represents an ongoing exploratory formulation of an innovative 
theoretical framework designed to use information systems (IS) for mathematical problem 
solving. Based on theories set forth by Aristotle and Habermas, and buttressed by 
previous teaching experience, it is hypothesized that, in addition to the existing customary 
activities of data collecting and information building, the introduction of the concepts of 
"practical wisdom" and "emancipatory interests" in the undergraduate classroom, will 
greatly enhance the use of IS in mathematical problem solving, and add to the existing 
knowledge-base. 

INTRODUCTION 

It is well recognized that our society is undergoing a significant transformation from 
an industrial to an information society, and that this transition is strongly connected with the 
widespread development and use of computer technology combined with the intellectual 
advances in such fields of mathematical inquiry as systems science, information systems, 
decision analysis, and artificial intelligence. This paper represents an exploratory 
formulation of an innovative framework designed to organize the use of information 
systems (IS) in mathematical problem solving. For the sake of clarity of discourse, 
information" is defined as "an abstract concept which, when received by an individual, 
gives new form to that individual's perception" (Merali and Frearson, 1995). Systems 
dealing with information are IS. 

Classroom experience indicates that most students have great difficulty 
distinguishing among data, information, knowledge, intelligence, and wisdom. Part of this 
difficulty stems from the fact that these five concepts are not only interdependent but also 
involve higher and higher levels of cognitive organizations, with each succeeding level 
incorporating the preceding level in a complex hierarchy. Almost without exception, 
students fail to use IS correctly because they are literally drowning in an overabundance of 
data and information, yet with little understanding and "practical wisdom” (Mitroff & 
Linstone, 1993). Machado (1980) says that every person is bom with a "live computer of 
limitless possibilities that can tackle the most complex problem, but unfortunately very few 
have the metaphorical "instructions manual" to utilize this gift. He adds that the most 
important job of educators today is to draw up that "manual". There is no question that in a 
world of rapid change and increasing diversity, the formulation of an "instructions manual" 
is a critical part of mathematics teaching and learning. 

This ongoing research study aims to give a theoretical and philosophical account of 
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what has been achieved and where it is heading. This is done by: introducing the concepts 
and components of IS; connecting the Habermasian and Aristotalean theories of 
communication and "practical wisdom" respectively, to IS; describing the classroom 
teaching experiments; and finally, detailing the ongoing research. In a broad sense, this 
research attempts to provide the theoretical framework of a metaphorical "instructions 
manual". 

MEANS-ENDS CONFIGURATION 

A large majority of students believe that scientific knowledge alone can be used for 
"solving" any real-world problem. This is partially true if the means (strategies) and ends 
(goals) connected with the problem are known with certainty, in which case mere 
mathematical computation is all that is needed to solve the problem, as shown by cell A in 
Figure 1 . However, in almost all real-world situations, if our ends and/or means (strategies) 
are uncertain, mathematical computation by itself will not work. In such cases, in addition 
to computation, some degree of judgement, compromise, or intuition/ "inspiration" will be 
needed to deal with these complex, open-ended, value-laden problems, indicated by cells 
B, C, and D, respectively (Thomson & Tuden, 1 959; Khisty, 1 993). 
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Certain 
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Certain 
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Judgement 


(D) 

“Inspiration” or Chaos 



Figure 1 . Means-Ends Configuration 



CONCEPTS OF RATIONALITY 

If by rationality we mean a self-conscious process of using reasoned arguments to 
make and defend claims, there are indeed many choices available. The principal types of 
rationalities used with IS are connected with the means-ends framework. For example, 
instrumental (or technical) rationality has been used extensively, and is geared to 
controlling nature in an efficient and scientific way. But, as a result of reductionism, 
technical rationality has unfortunately been applied to human activity systems, with 
disastrous results. On the other hand, communicative rationality, guides communicative 
action, meeting the validity claims of comprehensibility, truth, rightness, and sincerity, so 
necessaiy for mutual understanding and agreement. Communicative rationality is beginning 
to be used in IS, when dealing with complex and messy open-ended problems, where the 




!■ 



3-105 



means and/or ends are uncertain. Indeed a combination of both instrumental rationality aiul 
communicative action, directed by emancipatory interests is needed for the decision- 
making to be an enlightened social process. Emancipatory interests are important in that 
they reflect a concern with managing coercion and the analysis of power in organizational 
settings, and more will be said about this in due course (Carr & Kemmis, 1986). 

THE PATH FROM DATA GATHERING TO INTELLIGENCE AND BEYOND 
Now that the basic ideas of the means-ends configuration and the concepts of 
rationality have been set forth, the components of IS are mapped out, as shown in Figure 2. 
Naturally, any explanation as subtle as the ones described should not really start from the 
words themselves. Rather, on Popper's (1972) advice, "one should never quarrel about 
words, and never get involved with questions of terminology... .What we are interested in 
are our real problems.." 
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Figure 2. Evolving Components of Information Systems 



While most of the terms mentioned in Figure 2 are self explanatory, the meaning of 
intelligence needs further explanation. Intelligence is a human activity of adjusting to 
situations by using combinations of such functions as perception, memory, conceptualizing, 
abstracting, planning, extrapolating, predicting, controlling, contrasted with instinct, habit, 
rote, custom, and tradition. In addition, intelligence is the process of coping with problems 
by means of abstract tliinking, containing elements such as symbolization and 
communication, critical analysis, applied to practical and theoretical situations (Angles, 
1981). But the use of IS entails far more than just knowledge and intelligence, and this is 
taken up in the next section. 

Aristotle's Theory of Practical Wisdom 

It has been reported time and again that the Central Intelligence Agency (CIA) of the 
United States has performed poorly because of it's bent for high technology and computer 
models at the expense of old-fashioned, first-hand observation and common sense. One 
famous case reported in the 1980s states that the CIA used highly sophisticated computer 
models using Soviet statistics, which were known to be flawed and fabricated. The results 
were naturally a disaster. This example epitomizes the need for understanding and practical 



wisdom, and reinforces Bierce's (1967) definition of education: "That which discloses to 
the wise and disguises from the foolish their lack of understanding". 

More than two thousand years ago Aristotle discussed his theory of practical 
wisdom by which the social construct system may potentially be reconstructed. In the sixth 
book of the Nichomachian Ethic, Aristotle distinguishes among "episteme", "techne", and 
"phronesis", as the three modes of the "intellectual virtues" which constitute "practical 
wisdom". Gadamer (1976) interprets Aristotle's ideas by saying that episteme is the 
intellectual virtue through which we construct our scientific knowledge, through technical 
or instrumental rationality. It justifies mechanistic problem-solving requiring true, efficient 
and unquestionable data and evidence (Flyvbjerg, 1992). However, episteme presents an 
incomplete picture of human and social cognition because it obscures the recognition of 
two other complementary cognitive virtues through which people construct their individual 
and social insights: their experiential knowledge (techne) and their conceptual reflective 
flunking (phronesis). Techne in this context should be understood in its broadest sense as 
"know-how". Phronesis, on the other hand, represents the cognitive virtue of reflective 
flunking and prudence. It is unfortunate that in the past two or three centuries phronesis, 
which embodies value rationality, has been totally neglected and replaced by instrumental 
rationality (Weber, 1958). 

The practical wisdom of learning activates society's potential for coping with, and 
gaining from, its own diversity, as well as coping with fundamental changes in its 
environment by enriching and reconstructing its system of social constructs. Collective 
practical wisdom is the synergetic wisdom of society through recursive exchange. Gadamer 
contends that modem technological cultures have lost their practical wisdom partly because 
of the way our students are educated and our educational institutions are organized, 
creating barriers of rank, tasks, and cognition between people. He says that the epistemic 
logic of decision-making resting on objective, impersonal IS are highly data dependent, but 
have little meaning for social discourse (Bernstein, 1983; Lanir 1993). 

COMMUNICATION THEORY OF SOCIETY 

Habermas (1979, 1987) is recognized the world over as one of the most important 
figures in modem sociology, particularly for his major contributions to the theory of 
communication. Some aspects of his theory are most relevant to IS. In the next section we 
introduce Habermas's communicative theory, by prefacing it with a more focussed 
explanation of instrumental, communicative, and emancipatory rationality. 

Instrumental rationality is linked to principles of control and certainty. It uses the 
natural sciences as its model and rests on a number of assumptions that underlie its view of 
knowledge, human values and social enquiry. The scientific method believes in its supreme 
power to answer all significant questions, including the social. First, instrumental rationality 
operates on propositions which are empirically testable, such as mastery of the physical 
world. Second, knowledge, like scientific inquiry, is considered value free. Third, "hard" 
data is considered the focus of explanation and discovery. And fourth, not only is 
knowledge objectified, it is reduced to the mastery of technical decisions for ends already 
decided upon (Giroux, 1983). Instrumental rationality treats education as the means to a 
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given end, and views teaching as a skilled craft akin to "tecline" based on technical 
expertise. This leads to the idea that education can be improved by gaining a more 
complete mapping of the cause and effect relation in education, very similar to input-output 
systems, where the emphasis is on control and conformity through behavior modification 
and competency (Ewert, 1991). 

On the other hand, communicative rationality has a deep-seated interest in 
understanding social interaction. Human beings are never seen as passive recipients of 
information. They are considered sensitive to the notion that through the use of language 
human beings constantly produce meanings as interpretations of the world in which they 
find themselves. In short, human beings (rather than nature) are seen as the ultimate authors 
of knowledge and reality (Giroux, 1983). Communicative rationality considers the aims of 
education as the criteria for the process of education as a social activity with social 
consequences, engaged in social reproduction. What control is possible is through the wise 
decision making of practitioners: justifying actions with reference to norms; acting 
prudently in situations of normative conflicts; and aiming towards consensus in case of 
differences (Ewert, 1991). 

Lastly, emancipatory rationality attempts to locate meaning and action in a societal 
context, basing its principles on criticizing that which is restrictive and oppressive, while at 
the same time supporting action in the service of individual freedom and well-being. 
Emancipatory rationality augments interest in self-reflection, designed to create conditions 
in which non-alienating and non-exploitative relationships exist. Emancipatory interests are 
reflected in education in the drive to transcend, to grow, and to develop. The key element is 
the capacity of the student to be reflective and articulate (Ewert, 1991). 
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Figure 3. The Three Rationalities 

The characteristics and attributes of the three rationalities described above are shown 
in Figure 3. Habermas calls them knowledge-constitutive interests because they guide and 
shape the way knowledge is constituted in human activities. 

HABERMAS' COMMUNICATIVE THEORY & VALIDITY CLAIMS 

The "communicative theory of society" developed by Habermas has a direct 
application to IS. According to Habermas, four different kinds of speech acts are related to 
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four corresponding validity claims which are thematically stressed in discourse: 

Truth: All participants contributing to the discourse must have equal opportunity to use 
truthfully grounded information and arguments, so that explanations and interpretations are 
properly aired and no particular view expressed is exempted from consideration and/or 
criticism. 

Rightness: All participants should have an equal chance to command and oppose, permit 
and forbid information and arguments. This requirement ensures that participants raise fully 
appropriate arguments with respect to issues. To speak legitimately , in context, is the 
essence of this speech act. 

Sincerity: The opportunity to express attitudes, feelings, and intentions regarding 
information must be available to all participants. Freedom from internal constraints must be 
maintained, by requiring all participants to be honest and sincere to themselves and their 
colleagues. 

Comprehensibility: This requirement demands that all participants use communicative 
speech that is understandable to everybody. Confusion and chaos would be the net result, if 
nobody understood what a speaker was saying. Consequently, participants must take steps 
to ensure the speaker’s meaning. These validity claims guarantees that a rationally 
grounded consensus can emerge from practical (or communicative) discourse. 

TEACHING EXPERIMENTS 

The various components of the IS described in this paper, from data gathering right 
through the knowledge and intelligence stage, were used in six undergraduate courses that 
included a heavy mathematical problem solving content. A limited attempt was made to 
introduce the use of knowledge-based expert systems and in applying artificial intelligence 
in team-based exercises. Class evaluations at the end of each semester revealed that about 
80% of the students grasped the application of the mean/ends configuration, the concepts of 
rationality, and Habermas' communication theory and validity claims. Whilst only a couple 
of hours in each class were spent in introducing Aristotle's theory of "practical wisdom", 
their individual interests in this area were not recorded. Almost 95% of the students were 
good "number-crunchers" when confronted with back-of-the-chapter type problems. 
However, they were found to be average to poor performers at tackling "wicked" real- 
world problems. Very few students ever questioned the validity of the data or its sources, 
which came as a surprise. Students were generally very interested in the classification of 
information, such as suggestive, conceptual, deontic, predictive, decisive, systemic, etc. 
They were equally interested in different kinds of input-output models fueled by this 
information classification. 

The general comments of students were: I now have greater understanding of, and 
confidence with, using IS for mathematical problem solving; the hierarchy of IS is 
important to me; I feel I understand the why, how, what, and when, of IS; I wonder why 
the components if IS were not explained to me before, in other courses; I enjoyed the 
exercises in artificial intelligence and knowledge-based expert system design; and the list 
goes on. There were very few negative comments, mostly reflecting the physical facilities 
and conveniences provided for the students. Overall, my colleagues and I were satisfied 
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with the results we acliieved in our classes, although we wanted to forge ahead with the 
plan developed in the theoretical framework. 



REFLECTIONS AND ONGOING RESEARCH 

We are cognizant that current reforms in mathematics education suggest that the 
learning of mathematics be very closely connected and blended with its applications 
(NCTM, 1989). More and more mathematics curricula provide opportunities for students at 
all levels to collect their own data sets, analyze them, and make judgements about their 
appropriateness before the analysis phase. In some cases, this activity is connected to 
students investigating their own neighborhoods for gathering and selecting socio-economic 
data for myriads of real-world neighborhood problems, e.g., crime, accidents, mortality 
rates etc., (Khisty, 1996). It is our premise that if mathematics is to be truly connected to 
resolving socio-economic problems, then students need to be more than just number- 
crunchers. Critical to the understanding and practice of mathematics is the ability to 
develop practical wisdom, putting communicative action into operation, and appreciating 
the efficacy of emancipatory interests. 

The theoretical framework described in this report has now been partially put into 
classroom practice and the results are encouraging to both teachers and students. There is 
no question that further work needs to be done, and the tasks we want to take up next are 
briefly described below: 

- How should students be taught the hierarchy of IS so that they begin to appreciate the 
authenticity of data sets through objective and subjective testing? 

- What would be the most effective methods of introducing the ideas of practical wisdom 
while working with real-world problems? 

- What are the mechanisms of individual and collective cognition through which students 
acquire a level of theoretical and practical competence in handling real-life problems where 
mathematical and socio-economic variables are being considered? 

- In addition to deductive and inductive reasoning, how can students be introduced to 
abductive inferencing for solving "wicked” problems (Khisty & Khisty, 1992) they 
encounter on a daily basis? 

- How should instructors go about preparing at least a preliminary prospectus for an 
"instructors manual" as suggested by Machado? 

- How can this research be extended to high school and freshmen undergraduate students? 

- How should we prepare teachers to teach mathematics courses using IS so that they 
embody the socio-economic complexities of the world. 
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Abstract. This paper presents findings pertinent to the growing literature on the role of collaborative 
problem solving in the learning of school mathematics. The mathematical discourse of two, high- 
ability, 13-year-old boys working together on a sequence of problems that were novel to them is. 
examined, with a view to observing the difficulties involved in entering another's universe of thought. 
Five different types of interaction are identified in the analysis of the conditions under which their 
partner-directed talk was/was not beneficial. The individual problem-solving work, which occurred 
just after their joint work, is compared with what they were able to produce collaboratively. Findings 
suggest that the brief moments during which one of the interlocutors was able to enter the universe of 
thought of the other played a fundamental role. 

Much current research in mathematics learning is focusing on the facilitating role 
played by collaborative settings. For example, Leikin and Zaslavsky (1997) have 
shown how small group cooperative settings lead to higher engagement levels, 
improved attitudes, and increased mathematical communication among low-achieving 
ninth grade students. Hershkowitz and Schwarz (1997) have demonstrated how four 
ninth grade students interacted to produce and check hypotheses, and how they 
learned to be critical and reflect on their own and others’ problem solution 
processes. And Teasley (1992), who compared the quality of work of fourth 
graders in four different experimental settings involving a Logo problem-solving 
task, has found that talking is of significant benefit to the learning process, and that 
these benefits are more pronounced when that talk is directed to a partner. But the 
research on learning from interaction raises many questions. Is all partner-directed 
talk beneficial? Is it beneficial to the speaker, to the listener, or to both? Under 
what conditions is it beneficial; what makes it so? And what, precisely, do we mean 
by beneficial? 

Pirie (1996) has drawn out some of the complexities involved for teachers when they 
really listen to the oral communication of students. Certainly, similar difficulties 
arise when students attempt to listen to each other as they are doing mathematical 
work in small group settings. Trognon (1993) has pointed out that interlocutors can 
be listening to each other, but it may be the case that they do not understand each 
other. The moments when one truly enters the "universe of thought" (p. 341) of the 
other may be quite brief, but they play a fundamental role. 

This paper examines the mathematical discourse of two, high ability, 13-year-old 
boys working together on a sequence of problems that were novel to them. In 
observing the difficulties involved in entering another's universe of thought and in 
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analyzing those moments when it did seem to occur, we identify five different types 
of interaction engaged in by the boys. The paper follows with a brief description of 
the boys' individual problem-solving work, which took place the day after the joint 
activity, and discusses how it relates to what they were able to produce 
collaboratively and how it reflects the learning that occurred/did not occur during 
the joint work. 



BACKGROUND 

History: The two boys featured in this paper are in their first year of high school. 
They have just completed a seven-week introduction to algebra based on an object- 
oriented, functional approach, which is aimed at giving meaning to the symbols and 
transformations of algebra by means of graphical representations and operations 
with these representations (see Kieran, 1994). Much of the seven- week sequence had 
involved pairwise work with activity sheets, interspersed with classroom instruction 
by the teacher and whole-class discussions. The content that was emphasized in these 
activity sheets was primarily situations involving linear functions, although some 
experience with quadratic and cubic functions was included. Several days of class 
work were spent at the computer, where students in groups of two &ere able to 
explore the role of the parameters in graphical and symbolic representations, and 
their relation to the problem situations. Thus, collaborative interaction was not new 
to these two boys, who often worked together as a pair in their math class. 

Research Program: The analysis presented in this paper is part of a larger study 
in a research program focusing on alternate approaches to the introduction of 
algebra in environments that include a computer component. The larger study had 
three aims: a) to see whether the object-oriented introduction to algebra equips the 
students with the thinking tools needed to explore the graphical, algebra-symbolic, 
and verbal representations of functions that are unlike those they have studied in 
class; b) to explore the role played by pairwise interactions in problem-solving 
situations; and c) to investigate the extent to which students freely choose to use the 
computer as a problem-solving tool. The part that is presented in this paper is 
related primarily to aim (b), which focused on the discourse and problem solving of 
pairs of students. Thus, evidence was collected that would permit us to answer 
questions regarding the nature of their collaborations and the relation between their 
collaborative and individual work. 

Methodology: One pair of students was observed at a time, but this observation 
was from a distance. After a couple of warm-up questions, the pair was given one 
set of shared activity sheets containing eight questions-some with sub-questions; they 
were asked to work together in the solving of the given problems, taking as much 
time as they needed (the tasks were designed so as to take about 45 minutes to an 
hour to complete). There was to be no adult intervention and all their interactions 
were to be videotaped. A computer was beside their work table available for their 
use, should they so decide. The next day, each member of the pair returned to do 
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individual problem solving on tasks that were analogous to those worked on jointly 
the day before. This part of the methodology was meant to help us capture what 
they may have learned as individuals during their collaboration. This individual 
work was also videotaped. 

THE JOINT PROBLEM SOLVING AND TYPES OF INTERACTION 

We now present excerpts from the verbatim transcripts of the videotapes of one pair 
of boys, Nick and Zak, that illustrate the ways in which they worked together. The 
set of tasks was called HEADWINDS AND TAILWINDS. * The first situation was 
the following: 

Glen and Matt own and fly experimental 
small airplanes. With no wind, Glen's 
plane can fly at 50 kilometers per hour (kph) 
and Matt's plane at 60 kilometers per hour. 

Glen and Matt are planning a trip to an 
airport 150 kilometers away from their 
home. The time for the trip will depend on 
the wind speed. A headwind will make the 
trip longer ; a tailwind will make the trip 
shorter. The graphs in Figure 1 show the 
relationship between wind speed and time 
for the trip for each flier and for different 
headwind or tailwind conditions. 



FIGURE I 

Zak generated his interpretation of the headwind and tailwind graphs immediately 
upon seeing the graphs. He visualized the graphs globally, seeing the upper graphs 
as headwinds pushing against the plane and the lower graphs as tailwinds going with 
the plane. Later comments tended to confirm this interpretation. Nick, on the other 
hand, had a far more analytical, pointwise, numeric approach, trying to draw 
conclusions from the particular values the functions were taking at specific points. 

Pragmatic Interaction: After a few introductory questions (la - lh) whose 

purpose was to ensure they understood basically how to read the given graphs, they 
started working on the following question: 

2. "Try to match each of the graphs in Figure 1 with one of the following situations: Glen and 
Tailwind, Glen and Headwind, Matt and Tailwind, Matt and Headwind . * 

The following excerpt reflects what happened after they decided that "Glen and 
Tailwind" was Graph C: 

170 Z: Glen and headwind is figure A. 

171 N: Wait You sure? Wait. 

172 Z: Yeah, cause you got A B C or D. 

173 N: Just a sec. Glen’s is 50, so if you have (hesitates). No no no no, Glen's at B cause it eoes 

174 Z: Well Glen is B 

175 N: I say Matt's C, but I'm not sure, cause look 

176 Z: Oh yeah. No no no no, Matt’s B (points at Graph B). I thought we were doing that, okav 

177 N: Matt's D. 

178 Z: Glen and headwind is A (pointing at Graph A). 

179 N: What? 
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180 Z: This is Glen's graph (tracing with his finger Graph A from right to left, and then 

Graph C from left to right, in one continuous motion). C and A is Glen's graph. 

181 N: Yeah yeah yeah, you're right, sorry. 

182 Z: Matt at tailwind is D. 

183 N: (not understandable) 

184 Z: Yeah, and Matt at headwind is B. 

185 N: I still think, it doesn't matter. 

This excerpt illustrates that two students may work together on a task, make 
reasonable progress toward a solution while talking to each other, probably even 
listening to each other, but without any proper interaction to speak of: Their 
interaction does not reflect their thinking. Each one appears to be contemplating the 
problem for himself, in his own way, within his own universe; when trying to 
convince the other, however, they do not use reasoning but simple statements, 
forcefully brought forward. We propose to call this pragmatic interaction. It 
may appear that Zak, using his physical universe of thought, dominates here while 
Nick is lost. However, as is shown later by Nick's individual work, he is perfectly 
able to produce convincing arguments of the kind that are needed to answer Question 
2; only, his arguments are of a different type, grounded in a different universe of 
thought. We submit that the superficiality of their interaction in this excerpt is due to 
the fact that their universes of thought are incompatible. And Nick decides, in 
pragmatic fashion, not to pursue the issue. 

Homogeneous Interaction: When two people think alike, in overlapping parts of 
their respective universes, they can often work together quite well. We have elected 
to call homogeneous interaction the type of interaction that occurs in such a 
situation. This type of interaction did transpire between Nick and Zak but, for lack 
of space, we cannot illustrate it here. 

Pseudo-Interaction: Sometimes, the degree of interaction between Nick and Zak 
was even lower than that seen in the pragmatic interaction episode; Question 7a asked 
them to try to come up with the expression that would produce Graph B. The 
following excerpt presents part of their talk during that episode: 

407 Z: Try to come up with the expression that will produce Graph B. 

408 N: Okay. 

409 Z: What's Graph B? Oh this one (referring back to Figure 1). 

410 N: Hmm hmm. 

41 1 Z: So you got to do 

412 N: It's 2.5 (pointing to (0 2.5) of Figure 1), so you have to something 

413 Z: It's 2.5? No, wait, no no no, okay, the headwind is is, I mean, it's rising (following Graph B 

with his pen). 

414 N: 10 divided by, no, 10 divided by, no, 10 divided by, no. 

415 Z: In an hour, in one hour, where's an hour, it goes up (here he traces a portion of Graph B, 

between y=3 and y=4). 

416 N: 5 divided by 2 minus x. 

417 Z: 10 to 25. 

418 N: 5 divided by 2 minus x. 

419 Z: 23. What? (was not listening to what N was saying). 
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During this episode, the two boys worked on the same problem, finding an 
expression that would represent Graph B, each using his own approach. A 
superficial look at the protocol appears to show that they took turns talking to each 
other, but a closer examination reveals that they were hardly listening to each other; 
rather, each was working by himself on a separate line of thought, within his own 
universe and talking more to himself than to the other: Nick considered the 

numerical question of how to make up an expression that would yield the value 2.5 at 
x=0, whereas Zak thought about the modeling question of how a headwind could be 
taken into account in an expression. We propose to call this a pseudo-interaction: 
There was no interaction going on at all— it only seemed as if they were talking to 
each other. 

Inhomogeneous Interaction: Not always were Nick and Zak so far apart, 

cognitively. The question immediately following 7a was the analogous question of 
finding an expression representing Graph D, a question for which they did interact, 
and in a very deep sense. The following excerpt starts with Nick asking about the 
origin of some of the data they had used earlier, namely the numbers 150 and 50 
which appear in the expression for Graph A. The reason Nick now wants to 
understand the origin of these numbers is that he hopes to solve the task at hand, 
building an expression for D, by analogy. 

438 N: But where did they get their 150 and 50? 

439 Z: They get the 150 by the time it takes, it’s 150 km away from the airport. 

440 N: Oh yeah? 

441 Z: Yes. 

442 N: Okay, so then this will be 

443 Z: 150 divided by 

444 N: 150 divided by (said at the same time as line 443) (the two boys then hesitate). 

445 N: What gives a 2.5 answer? 

446 Z: 2.5 is 5 divided by 2 plus x. 

447 N: What? 

448 Z: 5 divided, no you don’t even need the 5 divided by, you have 2.5, 2.5 plus x (writes 2.5+x). 

449 N: No no no, you have to (do different?) I think, cause you have to put the whole 

thing (pointing to the expression 150 in question 6a). 

50 - x 

450 N: (after a short pause) It’s, hmm it's okay, this is the expression. 

451 Z: Oh yeah. 

452 N: 150 over 60 plus tw..., no plus x. Okay? I say this is my expression there (writes 150 ). 

60 + x 

453 Z: 60 + x, is this, no, Graph B is 

454 N: Wait (a second?). 

455 Z: Okay it sounds 

456 N: The 150 is away from the hmm 

457 Z: Is how far 

458 N: Airport? 

459 Z: The speed of the wind. 

460 N: Okay, that's good for me. 

461 Z: How far is for km, it's 150 km now (said at the same time as line 460). 

462 N: But which one is that, is that B? 

463 Z: It’s 150 km away. 

464 N: Yeah okay. 

465 Z: 150 km divided by 60 + x, yes (emphatic), that's it! 




\ * 
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During this episode, the boys efficiently collaborate to find a solution, each 
providing what he is best at: Nick the numerical details of the model and Zak the 
general structure and its interpretation. Each makes an honest (though not always 
successful) attempt at understanding the other's contribution. Such a strong 
interaction, where each participant presents his own thinking in spite of being 
conscious that the other finds it difficult to follow, requires a considerable mental 
effort and willingness to learn rather than just get done with the task. Here Nick and 
Zak proved that they can, and sometimes will, make such an effort. We propose to 
call this inhomogeneous interaction, considering the fact that the basis for the 
interaction is constituted by differences in the students' universes. 

Anti-Interaction: It also happened that the boys refused to interact, such as when 
Zak threw a "Be quiet" at Nick, clearly pointing to his need to be left alone, to be 
given some time to quietly think things through for himself, within his universe of 
thought without any intervention from outside, without any collaboration, group 
work etc. We propose to call this anti-interaction and we submit that most people 
(not only children), when learning mathematics, need some extended periods of quiet 
concentrated thought by themselves. 

THE INDIVIDUAL PROBLEM SOLVING 

From the few excerpts above, it would seem that Zak's explanations as to why 
150/(50-x) should be the expression for Graph A "took" with Nick. Zak had been 
able to state how this expression made explicit the mathematical givens of the 
problem and the relation between those givens. And the set of operations in the 
expression did, after all, represent exactly the point-wise calculations that Nick 
carried out when asked later for the sketch of a graph. But an examination of Nick's 
individual work suggests that the expression that made sense in Zak's universe of 
thought was not appropriated by Nick, even though the details of the expression fit 
with aspects of Nick's universe. 

The set of tasks on which Nick and Zak worked individually was called RIVER 
CURRENTS. It consisted of four questions that were for the most part analogous to 
the kinds of questions they had worked on jointly. The initial situation was: 

Susan is training this spring for the long-distance marathon swim competition that will take place at 
the end of the summer. Her training consists of a daily swim up the Richelieu River, going against 
the current, for a distance of 20 kilometers. When there is no current, Susan swims at a speed of 4 
kilometers per hour (kph). The speed of the current can vary from one day to the next. The time 
that Susan takes to do her swim of 20 kilometers depends on the speed of the current. 

When asked Question lb, "Which one of the graphs accurately depicts the number of 
hours Susan could take when she is swimming against the current?", Nick chose the 
correct graph. But for the next two questions, which asked the reason for choosing 
that particular graph, and the expression that goes with that graph, he responded 
according to a linear interpretation, with the expression: 5 + 2.5x. By taking one 
point off the y-axis, along with the y-intercept, he constructed a "slope-y intercept" 
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expression for the curve. The interactive work that had led to correct expressions 
for the Headwinds and Tailwinds graphs, and which might have suggested that both 
boys had "got it,” had not been sufficient for Nick to enter Zak's universe of thought 
and thereby restructure his own. This contrasts with Zak’s individual work. For 
Question lb, Zak produced the expression 20 / (4 - x), which reflects the responses 
that the two boys produced in their joint work on analogous Headwinds and 
Tailwinds questions. Thus, it appears that Nick never really understood the 
appropriateness of the expressions they had produced jointly and relied instead in his 
individual work on the linear form that he had learned in class. 

DISCUSSION AND CONCLUSIONS 

Returning now to the questions that were posed earlier regarding the benefits of 
partner-directed talk, we need first to address the issue of what we mean by 
beneficial What we mean concerns whether or not that which the boys were able to 
do at an interpersonal level becomes interiorized for each of them. The fact that a 
key discursive moment for Zak had taken place was reflected in line 465. It was at 
that moment that Zak, in response to the many times that Nick had asked, "Where 
does the 150 come from; where does the 50 come from?", appropriated 
intrasubjectively (see Trognon, 1993) elements from Nick's discourse, that is, 
elements related to a less global, more detailed universe of thought. The irony is 
that the explanation Zak offered was not internalized by Nick, even though Nick's 
questioning had provoked it. 

Thus, we have a case here where the partner-directed talk was more beneficial for 
the speaker Zak than for the listener Nick. But the sequence that led to this result 
was not immediate; it was spread over a five-minute interaction: From line 369 in 
the transcript, when both boys decided by elimination that 150/(50-x) was the best 
choice for Graph A of Figure 1, followed by Nick’s request in line 370 that Zak 
"now explain it," to Zak's statement in line 385 "But I can’t explain it though," to 
Nick's continued request in line 398 "Why is this 50-x since you understand it so 
good?" Line 403 has Zak offering that "if you’re minusing x, it’s the headwind," 
and that "50 minus let's say 10 is 40, and 150 by 40" (line 405); but again in line 
432, Nick commented, "I don't know, I don’t know where the 150 and the 50 come 
from." In the interaction documented above that includes lines 438-465, we note 
that, with respect to Nick's questioning, Zak specifically mentioned that the 150 was 
due to "it's 150 km away from the airport," but more importantly that Zak seemed 
to be trying to work something out for himself, that he was talking to himself, as 
much or even more than he was talking to his partner. In fact, when the partner was 
prepared to move on to the next question (line 460), Zak insisted on staying with the 
problem at hand. We submit that it was this period of internal talk, which had 
occurred within the context of the partner-directed talk, that was crucial for Zak. 
The period of internal talk permitted Zak, having briefly entered Nick’s universe of 
thought to explain the details of the expressions, to relate those details back to his 
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own universe of thought. This empirically -supported theoretical perspective, 
inspired by Trognon (1993), can be used to explain why Webb (1991) and others 
have been able to claim that giving help is often of more benefit to the help-giver 
than to the help-receiver. 

We have identified five possible types of (lack of) interaction during the work of a 
pair of students, and related these types of interaction to differences in the students' 
universes of thought: Anti-interaction, Pseudo-interaction, Pragmatic interaction, 
Homogeneous interaction, Inhomogeneous interaction. We do not want to suggest 
that students should not interact, that work in pairs (or groups) is inefficient in 
mathematics learning. We do, however, want to point out that work in pairs (and 
groups) is not unproblematic, and that students should be given ample time to work 
and to think on their own. It was during the period of inhomogeneous 
interaction that Zak was able to reach a peak with respect to structuring his 
cognition, but this movement was due in large measure to what we have called, 
internal talk, which appeared to be occurring at the same time. For Nick to have 
made a similar kind of progress, we can only conjecture that interaction of a 
different nature might have been necessary-a type of interaction that did not occur 
between these two boys-an interaction that would have provoked him to engage in 
internal talk relating the two universes of thought. For even when Nick was given 
the time to work things out on his own, as in the individual work, this individual 
work did not reflect the understandings that had been suggested by their joint work. 
We can only conclude that Nick remained throughout in his own universe of thought. 
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INCREASING TEACHERS’ AWARENESS OF STUDENTS’ 
CONCEPTIONS OF OPERATIONS WITH RATIONAL NUMBERS 1 
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Seminar Hakibbutzim - College of Education, Tel Aviv 
School of Education, Dept, of Science Teaching, Tel- Aviv University 

ABSTRACT: This paper describes prospective and inservice teachers* knowledge of children's 
common difficulties in calculating multiplication and division expressions involving rational 
numbers and their possible sources. Our data show that prospective teachers who specialized in 
mathematics knew more about students ' common incorrect responses than those who specialized 
in teaching other topics. Inservice teachers that experienced teaching rational numbers were 
more knowledgeable about students ’ common mistakes than those who had practice in teaching 
other mathematical topics. A major finding is that participation in a course on students ' 
conceptions of rational numbers dramatically increased both prospective and inservice teachers ' 
awareness of students ' incorrect responses and their possible sources. 

Educators generally agree that learning occurs by challenging (or building upon) 
existing conceptions. Consequently, calls for reform in mathematics education 
emphasize that knowledge of students’ common conceptions and misconceptions 
about the subject matter is essential for teaching (e.g., Australian Education Council, 
1991; National Council of Teachers of Mathematics, 1989; 1991). Recent studies 
have, however, reported that prospective teachers’ ability to analyze the reasoning 
behind students' responses was poor (e.g., Even & Tirosh, 1995). Thus it seems that a 
major goal of teacher education programs should be to promote prospective and 
inservice teachers' knowledge of children's ways of thinking about the mathematic 
topics they are to teach. 

In most countries, a substantial part of the curricula of elementary schools is 
devoted to rational numbers. There is a considerable body of research reporting that 
students experience difficulties with the operations of multiplication and division with 
rational numbers (e.g., Barash & Klein, 1996; Carpenter, Lindquist, Brow, Kouba, 
Silver, & Swafford, 1988; Hart, 1981; Fendel, 1987). Three main sources of these 
difficulties are often proffered: algorithmically-based mistakes (various “bugs” in 
computing the expressions, e.g., 9~=-^|), intuitively-based mistakes 

(overgeneralizing properties of operations with natural numbers to fractions, such as 
the divisor must be smaller than the dividend) and formally-based mistakes (incorrect 
performance due to limited conceptions of the notion of fraction and the properties of 
operations with fraction, e.g., assuming that division is commutative and therefore 
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This paper is a result of a project whose main aims were: (1) to describe 
prospective and inservice elementary school teachers' Subject-Matter Knowledge 
(SMK) and Pedagogical Content Knowledge (PCK) of rational numbers; and (2) to 
develop teaching strategies for enhancing teachers' SMK and PCK of rational 
numbers and evaluate their impact. In a previous paper, we described prospective 
and inservice teachers’ PCK of multiplication and division word problems (Klein & 
Tirosh, 1997). In this paper we describe prospective and inservice teachers PCK of 
common children’s difficulties in calculating multiplication and division expressions 
involving rational numbers and of their possible sources. We also briefly describe a 
course aimed at enhancing teachers’ SMK and PCK of rational numbers, and report 
on the impact of this course on prospective and inservice teachers’ PCK of this topic. 
Our main research questions are: 

(1) Are prospective and inservice teachers aware of common difficulties that children 
experience in calculating multiplication and division expressions involving rational 
numbers? To what do they attribute them? 

(2) What are the effects of teaching experience on teachers’ awareness of students’ 
difficulties in calculating multiplication and division expressions with rational 
numbers and their possible sources? 

(3) What is the impact of participation in a course that focuses on students’ ways of 
thinking about rational numbers on prospective and inservice teachers’ PCK of this 
topic? 

Methodology 



Subjects . Ninety seven Prospective Teachers (PT) and 1 18 Inservice Teachers (IT) 
participated in this study. Thirty-seven of the prospective teachers were in their first 
year, 30 were in their second year and 30 were in their third year in a four-years 
elementary teacher education program at an Israeli State Teachers' College. 
Prospective teachers in this college choose a domain of specialization. Only those 
who had participated in a relatively extended mathematical program in high-school 
could choose mathematics as their domain of specialization, and their program 
included substantially more mathematics and mathematics method courses than the 
program of those who specialized in other domains. The second year prospective 
teachers who participated in this study specialized in mathematics. 

The participating inservice teachers took a special two-year program aimed at 
creating a community of leading elementary school mathematics teachers in Israel. 
This Expert Teachers Program (ETP) included mathematical courses, pedagogical 
courses, and work-field. Sixty four of these inservice teachers were in their first year 
of the program and 54 were in their second year. Most of the participating inservice 
teachers had experience in teaching rational numbers (41 students in the first year and 
41 in the 2nd year). The others were teachers who taught mathematics in classes 
where rational numbers were not included as a main topic in the curriculum. 

We shall report on the similarities and differences between SMK and PCK of 
non mathematics majoring prospective teachers, mathematics majoring prospective 
teachers, and inservice teachers. 
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Instruments . Two main instruments were used in this study: 1. A Diagnostic 
Questionnaire (DQ) 2. a course on Students' wavs of Thinking About Rational 
numbers (STAR). 

1. The DQ included the following problem: Following are nine expressions: (a) calculate 
each of these expressions, (b) list common mistakes students in seventh grade may make, after 
finishing their studies of fractions, and (c) describe possible sources for each of these mistakes. 

9.2 21 320-1 1:4 11 5:15 4:1 15:5 320:1 

10 42 3445 4 3 

Research in mathematics education reports on common difficulties that 
students experience with eight of these nine expressions (see Table 1 columns 1& 2). 
One of the expressions (15:5) is usually computed correctly by students. Including 
this item enabled us to examine the participants' ability to differentiate between 
expressions that are often incorrectly calculated and those that are usually correctly 
solved. The inclusion of two pairs of expressions (15:5 and 5:15, i : 4 and 4 : i) yields a 

4 4 

more comprehensive picture of teachers’ PCK. 

2. The course (STAR). This 30 hours (one semester, two weekly hours) course was 
aimed at developing teachers’ understanding of mathematical concepts and structures 
related to rational numbers. Another major aim was to enhance the participants’ 
knowledge of children’s ways of thinking about rational numbers. Use was made of 
relevant research findings on children's, prospective and inservice teachers’ 
conceptions of rational numbers. The participants' ways of thinking about and with 
rational numbers were used as a springboard to discuss various issues (i.e., the 
mathematical reasons behind the relatively complicated definition of addition of 
fractions, alternative definitions of division, etc.) 

Procedure : The DQ was administered to all subjects in two sessions of 90 minutes 
each, during a mathematics lesson. The second year prospective teachers and the 
inservice teachers in their second year of study in the ETP program participated in the 
course on students’ ways of thinking about rational numbers. The DQ questionnaire 
was administered to the second year prospective teachers before the course and again 
about a month after it. The inservice teachers enrolled in the second year of the ETP 
program answered the DQ about a month after participating in the course. It is 
noteworthy that while prospective teachers who responded to the DQ before and 
after instruction were the same students, the inservice teachers before and after 
instruction were different groups (inservice teachers in the first and second years of 
the program, respectively). Yet, these two groups of inservice teachers were very 
similar in terms of their mathematical background and teaching experience, and 
therefore it was possible to assess the effects of participation in the course by 
comparing the responses of these two groups to the DQ questionnaire. 

Results 

Prospective and Inservice Teachers’ SMK : The analysis of teachers’ PCK should 
take account of teachers’ own solutions. Therefore, we first analyze the subjects’ 

, €29 
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responses to the multiplication and division examples. Our data show that the vast 

majority of the prospective and inservice teachers correctly calculated all nine 

multiplication and division expressions. The percentages of correct answers to each 

item did not fall below 85%. Still, several responded incorrectly to some of these 

items. For instance, 16 subjects (7%) gave an incorrect response to i : 4 usually getting 

4 

a quotient of 1 instead of _L (they wrote -U=- 4 =i)- It is noteworthy that some 

16 4 4 

participating teachers who incorrectly calculated the expressions considered the 

correct answer to be incorrect. Moreover, for the expression 1 : 2 , 9% of the teachers 

4 5 

who answered correctly, considered the correct expression 22 to be incorrect. 

4:5 

Prospective and Inservice Teachers* PCK Parts (b) and (c) of the problem probed 
teachers’ knowledge of children’s ways of thinking about multiplication and division 
expressions involving rational numbers. The analysis of PCK to each item relates 
only to the subjects who correctly answered the item, as they were the vast majority 
of the participants. 



Teachers’ Knowledge of Common Students 5 Incorrect Responses : Table 1 
describes the common incorrect responses that teachers who did not (or did not yet) 
participate in STAR listed to eight of the nine expressions included in the DQ. 



Table 1- Distribution (in %) of teachers' knowledge of common students' incorrect 
responses to computation expressions 



Expressions 


common mistakes 




PT: 






IT: 




year 




1 st 


3rd 


2 nd 




1 st 




multiolication 




not majoring 


majoring 


not teaching 


teaching 




9-3 . 3 . ? 
9-10’910’910 


47 


63 


86 


38 




59 


31 
4 2 


3 2 

; common denominator 

4 1 


43 


46 


41 


10 




32 


320-1 

3 


3201. 1 
3 20-3’ 3 20-3 


33 


42 


65 


38 




44 


division 
















1:4 

4 


1 ;— . 4 . 4 ; 2 _ - 4 . 4 . 4 . 2 . - impossible 


52 


56 


70 


67 




92 


13 

4*5 


2 -i 1 . 2 ; 1 . 2 ; impossible 
4 5 15 13 v 


45 


37 


45 


38 




71 


5:15 


15:5 ; impossible 


23 


28 


50 


43 




55 


4 .I 


1- 1.1. 4.1 


34 


41 


59 


50 




65 


4 *4 


’4 4’ 4 














320:— 

3 


320:3;— -1;320.1 
320 3 3 


15 


27 


64 


43 




58 


Average 




36 


43 


60 


40 




59 



As mentioned before, students usually correctly respond to the item 15:5. The 
majority of the participating teachers mentioned no mistakes to this expression. 

ERIC 
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Table 1 shows that prospective teachers majoring in mathematics mentioned 
more common difficulties that students tend to experience than those who did not 
major in mathematics (60% compared to 40%). Inservice teachers who practice 
teaching rational numbers were more aware of students’ common difficulties than 
inservice teachers who did not practice such teaching (59% compared to 40%). Table 
1 also shows that the averages of common incorrect responses mentioned by 
prospective teachers who were not majoring in mathematics and by inservice 
teachers who did not teach this topic were very similar (around 40%). The averages 
of prospective teachers majoring in mathematics and those of inservice teachers who 
teach rational numbers were also similar (around 60%). 

Table 2 shows that teachers who participated in STAR had more profound 
knowledge about common incorrect responses to multiplication and division 
expressions than those who did not. The data show that all three groups of teachers 
(prospective teachers, inservice teachers with no experience in teaching rational 
numbers and inservice teachers who practice teaching rational numbers) gained from 
participation in STAR. Interestingly, no substantial differences in ability to list 
students’ common mistakes were observed between these three groups of teachers 
after participation in the course. 

Table 2- Distribution (in %) of teachers * knowledge of common students * incorrect 
responses to computation expressions before and after participation in STAR 



Expression 

year 




PT: 

2nd 


IT: not teaching 
1st 2nd 


teaching 
1st 2nd 


participation in STAR 


- 


+ 


- 


+ 


- 


+ 


multiplication 
o 3 


86 


90 


38 


64 


59 


49 


y — 

10 

3 \ 


41 


45 


10 


27 


32 


35 


4*2 
320 — 

3 


65 


70 


38 


45 


44 


37 


division 

JL-4 


70 


97 


67 


100 


92 


83 


4' 

LI 


45 


51 


38 


45 


71 


59 


4 5 
5:15 


50 


79 


43 


82 


55 


88 


4-1 


59 


79 


50 


80 


65 


79 


'4 

320:- 


64 


77 


43 


80 


58 


79 


3 














Average 


60 


72 


40 


65 


59 


63 



Teachers’ Knowledge of Possible Sources of Students* Incorrect Responses : In 
part (c) the subjects were asked to describe possible sources for each of the mistakes 
they listed in response to part (b). As could be expected, most of the sources 
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mentioned by the teachers to all these computational expressions were 
algorithmically-based (e.g., “not writing the integer in fraction form , inverting both 
the dividend and the divisor”). Very few participants (mainly the prospective teachers 
who specialized in mathematics, and the inservice teachers that practice teaching 
rational numbers) related to both algorithmic and intuitive sources of incorrect 
responses (e.g., “students will think that it is impossible to divide a small number by 
a larger one”). 

Table 3 shows that before participation in STAR, most prospective and 
inservice teachers were unable to mention possible sources of students’ incorrect 
responses (many participants repeated the mistake itself, or didn’t respond to this 
item). The lowest percentage of sources of students’ mistakes (17%), was given by 
non mathematics majoring prospective teachers (first and third years). Somewhat 
higher percentages were observed among non teaching inservice teachers (33%). 
The highest percentages were given by prospective teachers majoring in mathematics 
and inservice teachers who have experience teaching rational numbers, but even these 
percentages were rather low (48% and 41% respectively). 

Table 3- Distribution (in %) of teachers * responses to sources of students 9 incorrect 
responses to computation expressions 



Expressions 


PT 

not majoring 


majoring 


IT 

not teaching 


teaching 


year 


1st 


3rd 


2nd 




1st 




multiplication 
















9 


18 


73 


29 




38 


3 1 

4 2 


35 


8 


30 


13 




22 


320-i 

3 

division 


10 


19 


49 


24 




44 


1:4 

4 


28 


32 


57 


28 




74 


13 

4*5 


21 


11 


37 


38 




34 


5:15 


13 


28 


40 


43 




52 


4:1 

4 


11 


10 


52 


40 




35 


320:1 

3 


6 


12 


46 


48 




32 


Average 


17 


17 


48 


33 




41 



Table 4 shows that participation in STAR contributes to teachers’ awareness of 
possible sources of students’ common mistakes to multiplication and division 
expressions. Participants in the course typically mentioned several possible sources 
of incorrect responses (e.g., algorithmically, intuitively and formally-based sources). 
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Table 4- Distribution (in %) of teachers * responses to sources of students 9 incorrect 
responses to computation expressions before and after STAR 



Expression 

year 




PT: 

2nd 


IT: not teaching 
1st 2nd 


1st 


teaching 

2nd 


participation in STAR 


- 


+ 


- 


+ 


- 


+ 


multiplication 
a 3 


73 


82 


29 


55 


38 


43 


y* — 
10 

3 1 


30 


48 


13 


40 


22 


44 


4 2 
320-- 

3 


49 


83 


24 


27 


44 


29 


division 

1-4 


57 


93 


28 


91 


74 


72 


4 

1.3 


37 


54 


38 


72 


34 


59 


4 5 
5:15 


40 


94 


43 


55 


52 


82 


4-1 


52 


62 


40 


80 


35 


53 


A 

320:1 

3 


46 


79 


48 


100 


32 


47 


Average 


48 


74 


33 


64 


41 


53 



Conclusions 

In this paper, we describe our findings regarding prospective and inservice teachers’ 
PCK of children's ways of thinking about multiplication and division expressions 
involving rational numbers. Our data show that when exploring this aspect of PCK, it 
is crucial to distinguish between prospective teachers specializing in mathematics and 
those who major in other topics. The substantial differences in the PCK of the 
prospective teachers in these two groups of teachers are of special importance as all of 
them are intended to teach mathematics in elementary schools. The sources of these 
substantial differences and their implications on teacher education programs should 
further be explored. 

We were expecting that inservice teachers’ PCK of students’ conceptions of 
multiplication and division expressions will be more elaborated than that of the 
prospective teachers. The data, however, provides a far more complicated picture. 
Teachers who teach this topic in schools indeed exhibited some knowledge about 
students’ ways of thinking about multiplication and division expressions (similar to 
that of the prospective teachers who major in mathematics). But, the PCK of teachers 
who do not directly teach this topic is not elaborated, and remarkably similar to that of 
the prospective teachers who do not specialize in mathematics. Thus, our findings 
clearly indicate that teaching mathematics, by itself, does not necessarily enhance 
teachers’ knowledge of students common ways of thinking. Furthermore, it seems 
that teachers do not develop by themselves general categorization of possible sources 
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of students’ difficulties, and they tend to resort mainly to one such source 
(algorithmic, in this case). We suggest that a general, theoretical framework related to 
cognitive processes and sources of misconceptions could support teachers in their 
attempts to foresee, interpret, explain and make sense of students' ways of thinking. 
Such models should be used only as a first, theoretically-based approximation that 
can assist teachers (and researchers) in their attempts to analyze the specific thinking 
processes that the child uses when approaching a specific task. 

Our data reveal that participation in a special course on students’ conceptions 
of rational numbers could enhance both prospective and inservice teachers* PCK of 
students’ conceptions of multiplication and division expressions. Participation in the 
STAR course increased teachers’ knowledge of common incorrect responses and 
provided them with a wider perspective regarding possible sources of such reactions. 
Yet, the impact of such knowledge on the actual teaching of rational numbers has still 
to be examined. 
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INFLEXIBILITY IN TEACHERS’ RATIO 
CONCEPTIONS 



Anat Klemer and Irit Peled 
University of Haifa 



Elementary school teachers , participating in a sequence of 
workshops on ratio and proportion , exhibited inflexibility in 
their conceptions. The teachers were able to perform 
conventional ratio and proportion tasks , but showed lack of 
flexible understanding of the concepts. Specifically , they could 
figure out ratios and perform ratio-division tasks, but failed to 
see the different appearances of the intensive ratio. The 
teachers also failed to realize that a modified additive strategy 
could be used to create equivalent ratios. This might be an 
over-generalization of the knowledge that an additive strategy is 
a wrong method in comparing ratios. 

In a class of 28 students, the ratio between the number of girls and 
the number of boys is 4:3. How many girls are there? 

This type of problem is cited by researchers and by the Third International 
Math and Science Study (TIMSS, 1997), an international research on math 
achievement, as an example of a difficult problem. The problem is often used 
in checking children’s knowledge of ratio in tests that involve ratio and 
proportion concepts, and its low success rate serves to make a point that these 
concepts are difficult. Numerous articles have dealt with the identification 
and explanation of ratio and proportion difficulties. Some of them are: 
Noelting (1980a, 1980b), Toumaire & Pulos (1985), Hart (1981), Vergnaud 
(1988), Lesh, Post, Behr (1988), Confrey and Scarano (1995), to mention just 
a few of the contributors. 

This study describes teachers’ conceptions of some of the aspects of the ratio 
concept. The research is a part of an in-service teacher education project 
(“Tomorrow 98” in Upper Galilee), aimed at improving elementary school 
mathematics education in the spirit of the CGI project (1996). In this part we 
analyze the work of a group of 13 teachers, who are at least three years in the 
project, and have participated in a sequence of workshops (seven two-hour 
meetings) on ratio and proportion. 



135 



3-128 



The Workshops: goals and structure 

The goals of the workshops are to make teachers aware of children’s 
difficulties in developing ratio and proportion concepts, improve teachers’ 
own understanding of these concepts, and discuss and develop ideas about 
teaching them. 

The teachers are introduced to children’s understanding of ratio and 
proportion through Noelting’s tasks. Noelting (1980a) describes steps in 
children’s development of the concept of ratio and proportion, and suggests a 
mixture (of water and orange-juice glasses) task to diagnose the child’s 
developmental level with regard to these concepts. 

The teachers are given examples of children’s answers at the different levels 
described by Noelting, and each teacher is asked to perform Noelting’s test in 
a sixth grade class. In following meetings children’s answers are discussed, 
additional issues are brought up and analyzed by engaging the teachers in 
solving problems. 

In the following part we will describe two related issues that were found to be 
problematic in the discussions and analysis of ratio and proportion with the 
teachers. We have chosen to highlight them because research on ratio and 
proportion difficulties usually concentrates on other aspects. 

Unawareness of the Different Intensive Ratios 

A group of size N consists of two groups of sizes Nj and N 2 such the ratio 
between Ni and N 2 is a:b (where a and b are natural numbers that do not have 
a common divisor). If N > a+b then it is possible to divide N into smaller and 
equal groups, such that the subgroups’ elements conserve the a:b ratio. One 
possible alternative is to divide N into equal subgroups of size a+b. 

For example: In a group of forty children consisting of Nj=30 girls and N2=10 
boys, the ratio between the total number of girls and the total number of boys 
is 3:1. The children can be divided into ten subgroups of four children, three 
girls and one boy in each group. The ratio between the number of girls and 
the number of boys in each of these subgroups is 3: 1 . It should be noted that 
the children could also be divided into five subgroups of eight children, six 
girls and two boys in each group. The ratio in each subgroup of eight is also 
3:1. 

The ratio a:b is an intensive ratio in Schwartz's terms (1988). This (same) 
intensive ratio exists between the original subgroups and also in the new 
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subgroups. In order to describe teachers' conceptions we will use two 
different terms to talk about the (same) intensive ratio in different groups. 

We will refer to the ratio between the sizes of the two groups, N* and N 2 , as 
the ‘global intensive ratio’, and to the ratio between a and b within the 
subgroups of size a+b as the ‘subgroup intensive ratio’. In the example, the 
ratio 3:1 is the ‘global intensive ratio’ between 30 and 10 and also the 
‘subgroup intensive ratio’ in the small groups, between 3 and 1 in one 
division or between 6 and 2 in the second division. We show in this work that 
our teachers were not aware of the subgroup intensive ratio. A differentiation 
between intensive quantities is made by Kaput and West (1994), who 
distinguish between particular and rate conceptions of ratio intensive 
quantities. We have chosen to emphasize the different groups in which the 
intensive ratio appears, yet view the meanings of the ratios to be similar. 

As mentioned earlier, the problem of dividing an amount by a given ratio is a 
common task for children in this subject. Keret (1997) lists several ways to 
solve it, including a trial and error method and some more systematic division 
methods. We have posed such a problem to our teachers, looked at their 
solution methods, and then analyzed different methods with them. The 
problem presented to the teachers: 

A prize consisting of 840 IS is equally divided between children in a group. 
The ratio between the number of boys and the number of girls is 3:4. How 
much money will the boys get? How much money will the girls get? 

All the teachers, except one, divided the total amount into 7 parts, calculated 
the total amount of 3 parts (the boys’ share) and 4 parts (the girls’ share). 
Their explanations were quite similar to each other. For example: 

Simon: 840 is my whole. The boys have 3 parts of the whole, and the girls 
have 4 parts. 

Michal: Each part is 1/7. The boys get 3x[(l/7)x840] , the girls get 
4x[(l/7)x840). 

Alice: One part is 120, the boys get 4x120, the girls 3x120 [should have been 
the other way round]. 

Only Anna used a different strategy: Each time [I distribute] I have 7. How 
many times do I have 7 in 840? [Then I calculate] how much altogether will 
the boys get? How much will the girls get? 

The first strategy, used by most of the teachers, can be regarded as a 
Partitioning Strategy. The number 7 stands for the total number of shares 
(parts), out of which the boys get 3 and the girls get 4. The second strategy 
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can be regarded as a Questioning Strategy. The number 7 stands for the 
amount of money given in each round of the distribution, 3 IS to the boys 
and 4 IS to the girls. The use of this strategy involves the conception of the 
intensive ratio in the subgroups. All except one of the teachers were not 
aware of the subgroup intensive ratio in this problem. 

Following a discussion on possible strategies, the teachers became aware of 
using their strategy in a technical way. They claimed that although they had 
used a Partitioning Strategy, they find the Quotitioning Strategy much more 
meaningful. It also occurred to the teachers that during the regular course of 
instruction they are working with children mainly on a quatitioning strategy. 
However, when given ratio-division problems, children are expected to use a 
technical partitioning strategy, which is not related to the way they developed 
their understanding of such tasks. 

A more straightforward opportunity to exhibit awareness of the subgroup 
intensive ratio was given to the teachers in a discussion of the following 
problem: 

A group of children consists of 32 girls and 52 boys, a) What is the ratio 
between the number of girls and the number of boys? b) Can the group be 
divided into smaller equal groups in a way that the ratio will be the same in 
all these groups? 

The teachers had no trouble finding the ratio, and all teachers arrived at the 
answer 8:13 (although there are other correct answers). However, they all 
answered “no” on the second part. A reluctance to perceive the subgroup 
intensive ratio reappeared in a similar problem a week later in spite of an 
extensive analysis of the above problem and some additional examples 
presented to the teachers. 

Over-generalization in Avoiding Additive Conceptions 

According to what is known on the development of ratio and proportion 
concepts (Noelting, 1980a, 1980b) a common conception prior to the expert 
stage is the additive relation. Children, using an additive strategy, compare 
ratios by looking at the differences between the numbers within each ratio or 
between the two ratios. These children would judge two mixtures in 
Noelting’ s test to have the same orange flavor if they note an additive 
relation. They might notice the differences between mixture ratios and say 
that 2:7 is like 12:17 because 12=2+10 and 17=7+10, or they might notice 
the differences within each mixture and say that 2:7 is like 12:17 because 7- 
2=5 and 17-12=5. 



Hart (1981) identifies the additive conception in a large number of students 
taking the ratio test in the Concepts in Secondary Mathematics and Science 
research. 

An interesting difficulty, related to the additive conception, has emerged 
during our work with the teachers. We call it: ‘Over- generalization in 
avoiding additive conceptions'. As it turns out, the (correct) knowledge that 
one should not compare ratios by using an additive strategy made our 
teachers so determined to avoid addition to the point that they claimed it is 
wrong to add even when it was a legitimate action. The following example 
demonstrates the teachers’ difficulty: 

This problem was presented in the workshop: 

I went on a shopping spree in Kolbo making purchases in two department. 
The cost of the different items that I bought amounted to 900 IS. The ratio 
between my spending in these two departments was 2:7. I would like to pay 
my bill in three payments that do not have to be equal. Each payment 
consists of two sums of money for the two departments that keep the 2:7 
ratio , and are paid in IS (in whole numbers). 

List some payment plans that I can use. 

The teachers suggested a variety of methods. Following a discussion on their 
methods, the teachers were asked: Take one of the plans that you suggested. 
Now if you move 2 IS and & 7 IS from the two sums in one payment 
(choosing one that is big enough) and add it respectively to the two sums in 
another payment , will you get a plan that satisfies the problem? 

The group unanimously voted ‘no’ as an answer. Some examples of their 
reactions: 

Ronit: It does not keep the same ratio. 

Smadar: But this is addition (!) It doesn’t keep the same ratio. 

Michal: I am sure it’s not the same ratio. 

Alice (checking in her calculator): I took 2 off the first amount to department 
A. That’s 48. From 1 75 [payment to department B] I took 7 off and got 162 
[an error, it should be 168]. I checked if the ratio is conserved and stays 2:7 
and I found that it does not. 

In spite of this opposition and against her own intuition, one of the teachers 
makes the following statement: 

Dorit: After checking it with my calculator , [I have found that] it conserves 
the ratio , [this means that] there are many solutions. Because we are 
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breaking up the payments that are built up of many 2 and 7~s. I know it is 
very difficult to get this. We [usually] think of ratio in the context of division 
and multiplication and not in addition and subtraction, that's why it is so 
difficult to think this way. 



DISCUSSION 

The examples presented in this paper demonstrate teachers’ inflexibility in 
understanding the ratio concept. This characteristic was exhibited on several 
occasions when, following a correct performance of conventional ratio tasks, 
the teachers were asked to look at things differently or try to modify their 
solution in order to get another answer. 

In a ratio division problem most of the teachers solved the problem correctly 
using a technical partitioning method. Their method and the discussion they 
held following the task indicated a global conception of the ratio, i.e. a 
conception of the ratio as representing the relation between the two final parts 
into which the whole is divided. The teachers found it difficult to see the 
ratio as representing an intensive relation in smaller groups, and did not see 
the whole divided into smaller equal parts that conserve the same ratio. 

This phenomenon repeated itself in several cases where the issue of finding 
smaller groups was the focus of an investigation. Although the investigation 
eventually led to more flexible conceptions, it took several examples to 
convince the teachers to 'see' the intensive ratio in different places. 

Another demonstration of inflexibility appeared in the teachers’ inability to 
move parts between subgroups. Their difficulty here might be a combination 
of their problem in perceiving the intensive ratio together with their reluctance 
to use an additive strategy. In their avoidance of addition they seem to be 
over-generalizing their knowledge that addition is incorrectly used when one 
is adding the same amount to the two parts of a ratio (or to the numerator and 
denominator of a fraction) in trying to get an equivalent ratio (or fraction). 

In our effort to teach children the concepts of ratio and proportion we would 
like them to master these concepts with understanding. This research shows 
that first we might need to take care of some aspects of teachers’ knowledge 
and help them increase their own flexibility in perceiving these concepts. 
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PRESERVICE TEACHERS’ CONCEPTIONS OF 
PROBABILITY IN RELATION TO ITS HISTORY 

Hari Prasad Koirala 
Eastern Connecticut State University 



Mathematicians , statisticians , and philosophers have had different conceptions 
of probability throughout its history , namely classical Jrequentist, and subjective. 
Similar to this history, the findings of this study indicated that a group of 16 
preservice teachers also held these three different conceptions of probability. 
However, whether their conceptions were classical Jrequentist, or subjective mostly 
depended on the kinds of problems posed and their personal experiences. 

Moreover, their conceptions were often a mixture of classical Jrequentist, and 
subjective. It is suggested that the teaching of probability should provide an 
opportunity for students to reflect on these diverse conceptions. 

Diverse Conceptions of Probability: A Historical Account 

Philosophers and mathematicians have held different conceptions of probability 
throughout history (Daston, 1988). At present, there are three distinct conceptions 
of probability that are derived from its historical tradition: classical, frequentist, and 
subjective (Borovcnik, Bentz, & Kapadia, 1991; Hawkins & Kapadia, 1984; 

McNeill & Freiberger, 1994; Steinbring, 1991). 

Classical probability was first defined by Pierri Laplace (1749-1827) as ’’the 
ratio of favourable cases to the total number of equally possible cases’’ (Hacking, 
1975, p. 122). Classical probability is obtained by making an assumption of equally 
likely cases and is sometimes referred to as a priori , Laplacian, or theoretical 
probability. Although, the credit for defining classical probability is given to 
Laplace, his definition was criticized because of the use of the word ’’possible," 
which has a dubious meaning. Contemporary mathematicians have refined this 
definition. For example, Kline (1967) expresses this as "if, ofn equally likely 
outcomes, m are favorable to the happening of a certain event, the probability of the 
event happening is min...." (p. 524, emphasis in original). 

Frequentist conception of probability was ’’connected with the tendency, 
displayed by some chance devices, to produce stable relative frequencies” (Hacking, 
1975, p. 1). Some people refer to this as a posteriori , experimental, or empirical 
probability. It is defined as the ratio of the observed frequency to the total number 
of trials in a random experiment over the long run. Mathematically, it involves the 
theory of limits and convergence. 

Subjective conception refers to probability as “evaluations of situations which 
are inherent in the subject’s mind” (Borovcnik et al., 1991, p. 41). Daston (1988) 
defines it ”as the intensity of beliefs" (p. 188). It assumes that human beings are 
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capable of estimating the probability of certain events and making adjustments when 
additional data are obtained. It is also known as personal probability. 
Mathematicians and statisticians call it Bayesian probability, named after Thomas 
Bayes (1701-1761). Mathematically, it is associated with Bayes' theorem. 

The different conceptions of probability that emerged have had significant 
influence on the teaching and learning of probability (Borovcnik et al„ 1991; 
Hawkins & Kapadia, 1984; McNeill & Freiberger, 1994; Steinbring, 1991). 
Mathematicians, logicians, and philosophers have debated which of the views of 
probability is superior. For example, philosophers or mathematicians who believed 
that knowledge can be derived deductively in a formal fashion, argued for the 
classical view of probability. Those who believed in inductive reasoning supported 
the frequentist approach and those who believed in personal judgment supported the 
subjective approach to probability. 

Preservice Teachers 5 Conceptions 

Similar to the history discussed above, mathematicians, statisticians, and 
educators today have different views about the teaching and learning of probability 
in schools and universities. These differing views, especially the views held by 
preservice and inservice teachers, will have an important role on how teachers 
deliver their teaching in schools (Thompson, 1992). Studies, that focus on the 
different conceptions of probability (classical, frequentist, and subjective) are 
scarce. The purpose of this paper is to report about a study which investigated 
whether or not preservice teachers of secondary school mathematics held different 
views of probability, namely classical, frequentist, and subjective. 

Methodology of the study 

A total of 16 preservice teachers enrolled in secondary mathematics methods and 
problem solving courses at a Canadian University participated in this study. The 
participants were selected based on their mathematics and probability backgrounds 
as well as their interest in the study. Each preservice teacher had taken at least 10 
mathematics courses and one probability course in his or her undergraduate degree. 

Several items used by previous researchers to examine students’ understanding 
of probability (for example, Konold, 1991) were reviewed. The items thus reviewed 
were modified for the purpose of the study. In addition, some new problems were 
also constructed using the investigator’s personal experience of teaching probability. 
The study used the following two problems because of their potential to explore 
participants’ diverse conceptions of probability. 

1. Lottery and car accident Problem 

Which one is more likely? 

(a) You will win a jackpot in Lottery 6/49. 

(b) You will be killed in a car accident. 
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2. Thumbtack problem 

Each preservice teacher was shown a thumbtack and shown two positions of its 
landing on a wooden table, with the point down or with the point up as shown in the 
diagram below. 

A B 



When the preservice teachers observed the thumbtack the following question was 
asked: Which one (landing with the point down or point up) is more likely? Why? 

(Adapted from Konold, 1991) 



In the first problem, the participants could use a combination formula to calculate 
the probability of winning the jackpot in the lottery 6/49. However, no formula 
could be used to calculate the probability of being killed in a car accident. They 
could not use such a formula in the second problem as well. 

Both problems were posed in an interview setting. The participants were probed 
to determine their conceptions of probability (classical, frequentist, and subjective). 
For example, if the participants made certain assumptions and used the classical 
view of probability they were asked whether or not they believed in conducting a 
random experiment to determine probability and the vice versa. 

The participants’ responses to all these problems were audiotaped, transcribed, 
and then analyzed in terms of classical, frequentist, and subjective probability. If 
the participants made certain assumptions to determine the probability of an event, it 
was categorized as classical. For example, in the lottery and car accident problem, 
if they assumed that the probability of any six numbers being selected in the lottery 
is equal, and calculated the probability based on the combination formula 

C( n r \ = — = — , the response was called classical. Conception was 

' (n-r)lxr! (49-6)!x6! y 

called frequentist if the participants wanted to know how many people in the past 
have won the jackpot in 6/49 lottery in order to determine probability by taking a 
ratio of the winners to the total number of people who played the lottery. Responses 
were called subjective if the participants stated that the probability of being killed in 
a car accident is higher than winning the jackpot in the lottery because the number 
of people killed in car accidents is higher than the number of people winning the 
lottery. 



Results 

Although philosophers, logicians, and mathematicians favored one conception or 
the other during the evolution of probability, the preservice teachers seemed to hold 
different conceptions of probability simultaneously. Nevertheless, the preservice 
teachers’ beliefs to classical, frequentist, and subjective conceptions differed based 
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on the kinds of problems on the one hand and their personal experiences and 
intuitions on the other. 

In the lottery and car-accident problem, 14 out of 16 participants used a classical 
conception when they tried to determine the probability of winning the lottery 6/49 
by using the combinatoric formula. They used the formula and calculated that the 
probability of winning the jackpot in the lottery was about 1 in 14 million. In the 
same problem, they used a mixture of classical, frequentist, or subjective conception 
to determine the probability of getting killed in a car accident. Nine out of 16 
preservice teachers wanted to use data provided by the investigator related to death 
in car accidents in the Canadian province of British Columbia. They calculated the 
probability by dividing the number of total deaths in car accidents by the total 
number of people living in the province. Based on these calculations, they 
concluded that the probability of being killed in a car accident was higher than 
winning the jackpot in the lottery 6/49. This response can be classified as a mixture 
of classical and frequentist because they were calculating a ratio based on data 
available to them making an assumption that every resident of the province had an 
equal chance to become a fatality. 

The remaining seven said that they did not need data for this problem because the 
probability of getting killed in a car accident was much higher than winning a 
jackpot in the lottery 6/49. When asked to provide their reasoning they stated that 
they had read or watched news about killings in car accidents almost everyday but 
there was hardly any news about winning a jackpot in the 6/49 lottery. Hence, these 
seven preservice teachers were using their subjective conceptions of probability. 

Different conceptions of probability held by preservice teachers were also 
observed in the thumbtack problem. Four preservice teachers wanted to run the 
experiment with the tack before making any decision. They threw the thumbtack 
and recorded the frequency of landing “point up” and “point down”. They believed 
in a frequentist conception and obtained the probability of point up or point down by 
dividing their total frequencies by the total throws. Interestingly, three of these four 
preservice teachers had used the combination formula to calculate the probability of 
winning the jackpot in the previous problem. Hence their choice of conception was 
based on the kinds of problems posed. When probed, they stated that they did not 
know any formula to apply in the thumbtack problem. 

Twelve preservice teachers used the structure of the thumbtack to decide whether 
the tack would land “point up” or “point down.” They basically began with a 
subjective conception and stated that “point up is more likely because the flat side of 
the tack is heavier and more stable than the pointed part.” Nine out of these 12 
participants wanted to use a classical conception of probability, but were unable to 
determine the odds of point up to point down based on some assumptions. They 
then stated that they would run the experiment with the tack after some thoughts 
about its landing. They initially based their view on a classical conception. 

- 145 




3-138 



However, they stated that they would change their initial view of likelihood based 
on subsequent trials and experiments. For these preservice teachers, classical and 
frequentist conceptions of probability go hand in hand helping to modify their 
thinking processes. That means they viewed both deductive and inductive thinking 
as being helpful in making decisions regarding probability. 

About half of these 16 participants, however, were not sure about using a 
frequentist conception of probability because they could not decide how large a 
sample is large enough. For example in determining whether the tack would land 
point up or point down, the concept of large numbers varied from person to person. 
Four participants stated they should try dropping the thumbtack about 100 times to 
get a rough estimation of the landing of the thumbtack. Three other argued that they 
should drop the thumbtack 1000 times. For two other participants, even 1000 trials 
would not have been enough. These two participants stated that they would not trust 
even a thousand trials. According to them, they would conduct a computer 
simulation and run this experiment a million times. Basically these preservice 
teachers did not prefer a frequentist approach. A computer simulation is developed 
based on a classical conception because of certain assumptions used in the model. 

Despite the preservice teachers' various beliefs about how much would be 
considered a large number of trials, all the preservice teachers believed that the 
larger the number of trials, the better the estimates. For example in the thumbtack 
problem, one participant stated the logic as follows: 

The fewer trials you do the more error you're going to have in your 
assumption.... You don’t want to sit there for an hour and drop it. But we do 
it 10 times [drops the tack ten times] See, that says 90%. But you know if 
you do it another 10 [drops the tack ten times again]. That was 70% for this 
one. So I take the average of the two. Based on 20 trials these are the odds. 
But the more trials you do the closer you're going to get the actual 
probabilities. 

Another participant stated that he would start with 1000 trials to come to an 
estimate. He would then increase the number of trials and adjust his estimate. But 
in general, the number of trials depended on how they viewed the likelihood of the 
problem before actually trying the experiment. For example, one participant stated 
that she would do the experiment to verify her theory that the thumbtack is more 
likely to land point up. But she would not change her belief if the thumbtack lands 
with point down 60 times in a throw of 100 times. She would not discard her theory 
even with 1000 trials. But, some other participants would constantly change their 
estimation based on the experiment. Whether or not the preservice teachers would 
constantly change their beliefs based on an experiment depended very much on 
whether they believed in a classical, frequentist, or a^subjective view of probability. 
The classicists did not believe in changing their theory unless the experiment is 
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conducted a large number of trials like 10,000. The frequentists and subjectivists 
constantly changed their theory based on experimental results, even with 10 trials. 

Conclusion 

Although the preservice teachers had their preferences as to whether they would 
trust more a classical, frequentist, or subjective conception of probability, they did 
not blindly follow one particular conception or the other. As indicated above, their 
conceptions largely depended on the nature of the problem and their prior 
experiences related to the problem. For example, the participants demonstrated a 
classical conception in the lottery problem because they were familiar with the 
combination formula. However, many of the same participants demonstrated a 
frequentist or subjective conception in the car accident problem even though the 
lottery and car accident problem was provided as one task. By the same token, the 
participants used mostly a frequentist or a subjective approach to the Thumbtack 
problem because no immediate mathematical formula was available to them. 

While the preservice teachers’ conceptions were mostly based on kinds of 
problems asked, they had a preference whether they believed more in a classical, 
frequentist, or subjective conception of probability. The majority of the participants 
always attempted to solve the problems using a classical approach. They switched 
to a frequentist or a subjective approach only when they could not use a probability 
formula making some assumptions. The other participants preferred to conduct an 
experiment and update their thinking to determine probability. Their conceptions 
could be summarized with Figure 1. 
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Figure 1. Preservice teachers’ differing conceptions of probability 



The three sides of the triangle are represented by classical, frequentist, and 
subjective conceptions of probability. The point where the three arrowheaded lines 
intersect represents a preservice teacher's conception. The point is not always at the 
same place for each preservice teacher. Rather, the point moves from person to 
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person and within a person. For some of the preservice teachers, the point moves 
towards a classical conception of probability. But that does not mean that they do 
not hold any frequentist or subjective conceptions of probability. Similarly a 
preservice teacher may have more faith in a frequentist conception, but he or she 
may still hold a classical or subjective conception of probability. 

Once again the preservice teachers’ conceptions of probability were not purely 
classical, frequentist, or subjective at all times, but their conceptions were classical 
on one problem, frequentist on another, and subjective on other problems. Further, 
some of the preservice teachers’ conceptions were a mixture of classical, frequentist, 
and subjective and at times it was difficult to separate one from the other. 

Teaching Implications 

The debate about different kinds of probabilities: classical, frequentist, and 
subjective has influenced the research and teaching of probability. Presently, 
mathematics and statistics educators have contrasting views as to whether a 
classical, frequentist, or subjective view of probability should be taught (Borovcnik 
et al., 1991; Hawkins & Kapadia, 1984; Konold, 1989, 1991; Shaughnessy, 1992, 
Steinbring, 1991). This is basically an epistemological debate, but teachers face 
difficulties in determining appropriate pedagogical approaches for teaching 
probability when these epistemological issues are unresolved. 

The results of this study indicate that preservice teachers hold various 
conceptions of probability simultaneously. These differing conceptions held by 
preservice teachers are not necessarily incorrect. Rather, the conceptions are 
valuable based on problems posed. A classical approach can be more valuable in 
one kind of problem whereas a frequentist or subjective conception can be valuable 
for other kinds of problems. The classical approach to teaching probability is 
powerful in solving problems in which assumptions can be made more easily. The 
subjective and frequentist approaches to teaching probability are particularly useful 
when assumptions about a problem cannot be determined easily. Moreover, these 
approaches provide students with the opportunity to update the probability of a 
certain event according to new information. 

In some cases, all different conceptions of probability can be used to solve the 
same problem. For example, students can solve the lottery and car accident problem 
using all three approaches and determine their effectiveness. Students are more 
likely to develop a conceptual understanding of mathematics if they are provided 
with the opportunity to use varieties of approaches. The teaching of probability only 
through one approach is harmful for students’ conceptual understanding and so a 
multiplicity of approaches depending upon the situations at hand should be utilized. 

Another implication of this study is that teachers of probability should provide 
students, with varieties of problems that can be solved by using different 
approaches. Students’ differing conceptions that emerge in class should be 
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discussed in terms of their strengths and weakness in solving future probability 
problems. Such discussion can prepare students in solving varieties of problems in 
future. 
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Team Teaching and Preservice Teachers’ Classroom Practice with 
Innovative Methods of Instruction -The Case of Computers 

Bilha Kutscher The David Yellin Teachers College, Israel. 

Abstract 

This paper reports on the effects of team-teaching on preservice teachers * 
classroom practice when implementing an innovative computer-based 
program. Novice student teachers , working in pairs , taught a 
mathematics class using computers. They were generally afraid of 
computers and had not expected to teach with them. However, after this 
teaching experience, all the preservice teachers had high expectations of 
computer use in their classes. They reported that team-teaching reduced 
anxiety, gave them confidence and helped solve discipline problems. 

Research has indicated that student teachers generally adhere to the 
classroom practices and strategies they themselves experienced as school 
pupils (Kagan, 1992). Thus, for innovative methods of instruction to be 
adopted and implemented by these future teachers, their perceptions of 
teaching and learning have to undergo some change. Computers are 
clearly an important medium for teaching mathematics. Working with 
computers requires a change in the teacher’s role in a computer- 
classroom; however this causes anxiety for practicing teachers (Ainley, 
1996). Despite increased availability and support for computers, levels of 
computer use among teachers are not very high. With regard to preservice 
teachers, their expectations of computer use are high, however these 
expectations drop after their first year of teaching (Marcinkiewicz, 1996). 
Effecting changes in teaching practice is difficult (Levenberg & Sfard, 
1996) but possible (Bednarz, Gattuso, & Mary, 1996), where a necessary 
condition for change in teaching patterns is reflective thinking on the part 
of the teacher (Schon, 1983). Teachers play an important role in 
introducing innovative programs since they are the filters between the 
program developers and the students, (e.g. Moreira, & Noss, 1995). Team 
teaching facilitates professional development and effecting school change 
(Griffin, 1991). Other benefits that have been cited through team teaching 
are a reduction in teacher isolation (Chazan, Ben-Chaim & Gormas, 
1996), improved instruction, a decrease of disciplinary problems in the 
classroom and greater teacher motivation (Spies, 1995). 

This paper reports on a case study of a class of 15 novice preservice 
teachers who taught in pairs (one novice teacher was concurrently a 
member of two teams) and implemented an innovative mathematics 
program that relied heavily on the use of computers in junior high school. 

Background 

The school requested that the preservice teachers teach the topic of 
statistics to seventh grade students. Most of the students did not feel at 



home with a computer. Some students barely knew how to use the 
computer for word processing - the most commonly used feature of 
computers in the college - let alone the electronic spreadsheet. So when the 
students were informed that they were to use an innovative program which 
taught statistics through the medium of the electronic spreadsheet, the 
students were understandably alarmed. They were required to teach 
mathematics for the first time in a classroom situation, with all the 
accompanying anxieties, and with a computer to boot - a tall order! In this 
college, a ‘didactic 5 instructor accompanies a group of students in then- 
practice teaching. The instructor meets with his or her group in a joint 
weekly session where discussions are held on the current topic that the 
student teachers are teaching in their classrooms. The instructor examines 
the students’ lesson plans and then regularly observes the students in their 
classroom practice for at least part of their lessons. Notwithstanding this 
quite intensive attention and follow up, the first year of practice teaching 
always holds problems for the student teachers - discipline problems, 
instruction problems and the like. As mentioned above, student teachers 
tend to perpetuate the practices and strategies that they experienced as 
school students and do not voluntarily integrate technology into their 
classroom practice (Marcinkiewicz, 1996). Since teachers’ colleges 
obviously want to train their future teachers to be as up to date as possible, 
the instructor felt that it was important for student teachers to learn and 
experience new classroom teaching strategies in a computer environment 
while they were in preservice situations. The novice teachers might then 
enter the teachers’ work force with experience and confidence in more 
innovative teaching strategies and have positive expectations for using 
technology in their classrooms. However, too many new challenges and 
changes might be counterproductive and thus jeopardize the novice 
preservice teachers’ chance for succeeding. The conjecture was that team 
teaching would offer the novice student teachers support in this innovative 
computer-teaching experience and allow them a measure of success and 
confidence that they might then take with them into their future classroom 
practice. 

Study Design 

It was decided that these student teachers would team teach in pairs. Both 
teachers would always be present in the classroom but would take turns in 
being the “active” teacher. While one teacher would expound on a topic to 
the whole class, the other would listen, observe his colleague’s didactical 
capabilities and note any difficulties that might later need be attended. 
However, during the time when students would work on assignments both 
teachers would have the same role in the classroom: assisting the students, 
resolving any problems encountered and the like. 



The data collected in this study were transcripts of semi-structured 
interviews carried out with all preservice teachers towards the end of the 
school year. There was also a follow up interview with one of the 
preservice teachers at the beginning of his second year of preservice 
teaching. This preservice teacher, Uzi, figures prominently in this paper as 
his case was particularly interesting since he had originally expressed 
considerable anxiety at the idea of computer-medium teaching. The data 
was analyzed in order to assess the effect of team teaching on various 
aspects of the preservice teachers’ instructional experience in their first 
year. 

Results 

Reduction in teacher isolation : The first benefit from team teaching noted 
by many of the student teachers was the confidence they gained in being 
able to share their new, daunting experience with another teacher. 

Uzi : When 1 first heard that 1 was going to work with computers my 
hands and feet shook ... .But when 1 m >as told that 1 was going to share my 
work with another person it calmed me , it really calmed me down. And 
why did it calm me, because if 1 don ’l know (something) there is some one 
who can help me now... There is a certain collaboration and not 
eveiy thing falls on me. 

Lior: Team-teaching - first and foremost this gives confidence. 

Orna: ..When I heard computers I was a bit frightened...! didn't come 
with a background in computers. And when 1 heard that there is 
teamwork ; I calmed down. 

Discipline: Apparently novice preservice teachers may find difficulty in 
focusing concurrently on both teaching the subject matter and taking care 
of discipline problems. All the preservice teachers in this study found the 
necessary support in their team teacher. For example: 

Dina: It's difficult to keep the quiet (in the class) and also to teach the 
material.... There is less pressure on one teacher , both to take care of the 
discipline and to teach the material. 

Orna : When there is someone , someone else with you , they (the other 
team teacher) know exactly when to approach the specific student who 's 
causing a disturbance and to quiet him down,... or when one has actually 
to stop the lesson because none of the class is really with us. 

Later in the year, Boaz and Basil were having some discipline 
problems so they decided that each teacher would teach half their class on 
his own. Finding that working apart was less efficient, they rejoined. Boaz 
summarized the differences: 

Boaz: When I worked with him (Basil) we would be in contact with each 
other all the time. Basil, what should we do here, how shall we start, how 
shall we end? There was always someone who could give you 



answers... And when we were working on our own it was like , that's it, 
now you're on your own. Start coping by yourself. .. And it (the usual 
communication) was lacking, very lacking. But on the other hand it gave 
me the advantage of entering a class alone and beginning to cope. 

This was a theme that came up constantly: the preservice teachers 
were aware that future teaching would most likely take place in a single 
teaching situation and they felt that team teaching was a non-realistic 
utopia. However, as illustrated above, they clearly felt relieved when they 
learned that they would not be so isolated, that they were to share their 
new experience with another teacher - someone who might offer them 
support and solutions in times of need. The team-teachers spoke of the 
“fun” it was, working together - motivating them to invest time and effort 
in lesson planning. Apparently this sense of sharing was so positive that 
the teachers of one of the teams, who each were also meant to teach their 
own physics class in this school, of their own volition adopted 
team-teaching in their physics classes. 

Researcher: Would you have liked, let's say, to have started to teach also 
your physics class as a pair? 

Uzi: Yes, and it happened 7 We (team-) taught without the didactic 
instructor knowing... When she wasn 't here (at school) we used to go in as 
a couple. Right at the beginning (of the school year) and no one knew 
about it... Lior and 1 would go in and teach the lesson together, until it 
came to be that if it was Lior's lesson then Lior would teach and 1 would 
observe, until we, like, got accustomed. The tension eased, we felt a little 
more confident, and that was it. Each one spread his wings... 

This physics team-teaching revelation was indeed a surprise. One 
may wonder why they had not discussed team-teaching with their physics 
didactic instructor. Since this team-teaching occurred at the beginning of 
the year, one can only surmise they still felt that team-teaching was a 
somewhat irregular teaching method. On the other hand it seems they felt 
team-teaching to be so effective and supportive that they did not want to 
jeopardize their chance for using it by receiving a possible negative 
response from their instructor. 

Expected teaching methods in classroom practice: Almost all the 
preservice teachers had expected to apply the same teaching methods to 
their classes as those their teachers had used with them when they were 
school pupils. When asked whether they had expected to use computers in 
their mathematics class, 14 preservice teachers responded with an 
unqualified “No!” : 

Uzi: First of all 1 thought that I would teach as 1 was taught... chalk, me 
and the blackboard and the students, work sheets.... I wished on myself 
that 1 would never need the computer for teaching... 1 always thought of 
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how I was taught and it (the teaching method) was easy ... because this 
method was indeed successful and I see myself as one who 
matriculated ... without a computer . 

Yifat: When you came and told us that we were going to teach statistics 
via computers I was most surprised . Because I was never taught like 
that. ...I like the computer very much (but) at the beginning I was 
apprehensive of teaching with computers. 

Shirley: I didn y t learn (in school) with a computer and I saw that it 
worked out and I didn 7 feel that anything was lacking. And I have a 
computer at home that has been sitting there for years, and I never used 
it. Maybe we played games on it, nothing more. And when I didn 7 think 
of teaching with a computer... At first, when you spoke about (teaching 
with) a computer I thought, oh no - computer - 1 really dislike 
computers. 1 have no patience (for it). But today... for example I see it as 
something positive , because first of all it gives the children some variety 
in the lesson. Simply, until I would have experienced it myself (teaching 
with a computer) and realized I wouldn't have tried (teaching with 
computers). 

The above quotes support research indicating that student teachers 
would adhere to teaching strategies that they themselves experienced as 
pupils. It would seem, then, that in this vein these student teachers would 
not expect to implement innovative teaching practices - in this case, use of 
computers in their classrooms. And indeed all but one of the 15 student 
teachers had unequivocally not expected to teach with computers, thus 
reducing support for claims that preservice teachers’ expectations of 
computer use are high. 

Synergy and Reflective-team-teaching: In order for the novice teachers to 
implement computer use in their classes, it would seem that certain models 
of what they conceived as teaching might have to be modified. Could 
reflective thinking, in particular “team-reflective-thinking” as opposed to 
self-reflective-thinking, facilitate this process of change, and if so how? 
The following is an excerpt of what Lior thought, when expounding on the 
contribution of team-teaching: 

Lior: Every student has his own ideas, and there are always differences 
from student to student. The minute there is a meeting of two (people) 
then one makes a meeting between two different ideas that maybe the 
students did not think about ... And then I adopt it for myself, ideas, 
perhaps work methods that one can take from another student. It (team- 
teaching) gave me a tremendous amount ... (For instance) every student 
(teacher) has a case when something happens to him (in class), and. you 
know how you commented u Lior, when you get upset, when you're 
hot-tempered... ”, and I got this sort of look (from my team-teaching 
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partner) and no one in the class recognizes this look. And then Lior 
calmed down , kept quiet, and it (this event) stopped... So the partner 
serves as a sort of online criticism... And there 's another thing. I believe 
that when yon have a partner, reflective thinking happens willy-nilly. That 
is, yon go back (together) by bus, by car, you ( re compelled to speak about 
what has happened. Not because you're required to think reflectively, but 
you speak about how it was, what was , what we should have done. That 
we understood them, they enjoyed, did not enjoy, what we shoidd do next 
time. ..If I was teaching on my own I would have to sit and think about 
what had happened in the lesson. The minute we (the team-couple) speak 
about it, ...we remember it well. ” 

Lior depicted an ongoing situation, prevalent in all the teams, 
wherein team teaching offered exchanges of ideas, continuous feedback 
both in class and out, resultant modification of strategies and consequent 
improved instruction. His description of their rich, very effective 
reflective-team-thinking as finding its immediate expression in speech 
seems to echo Vygotsky (1986, p 251)) who wrote “...thought does not 
express itself in words, but rather realizes itself in them.” This realization 
of reflective-thinking seemed to afford the teachers a very effective 
instrument for change. The novice preservice teachers were faced with 
continual teaching challenges that might evoke in them inappropriate 
reactions. Their team-partners were there as safety nets, perhaps rescuing 
them from, some situations that might have produced feelings of 
incompetence or inadequacy in them. The immediate reflective-team- 
thinking that followed the lessons allowed the teachers to analyze their 
lessons, to discuss their actions and reactions and when necessary to 
design different strategies for similar, recurring circumstances. This would 
seem to have been especially crucial when working with computers. The 
student teachers had to create new teaching patterns since they had no 
teaching models that they had experienced as school pupils on which they 
could fall back. The synergy in the teamwork seemed to offer the student 
teachers an opportunity for creating successful teaching patterns. 

Computer use in future classroom practice: Prior to this teaching 
experience the novice student teachers had generally not expected to use a 
computer in their classroom practice. However, at the end of school year 
their expectations were quite different: 

Orna: The children themselves were very enthusiastic (when learning 
statistics with the computer)... I would be very interested in integrating it 
(the computer) together with the (“conventional”) learning, like we did 
now. There were also lessons when we sat in class and learned, and 
parallelly there were also lessons when we learned with the computer. I 
think that this combination between the two was excellent. 
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This is the same Oma who had expressed anxiety at the idea of 
teaching with computers. It seems that successful experiences might assist 
teachers to form new normative patterns of teaching. Uzi allows a very , 
close look at a teacher, who came in with much trepidation to teaching 
with computers and who now had no qualms about future computer use. 
The following school year Uzi was student teaching without computers. 
He approached this researcher saying that he missed last years’ teaching 
very much; consequently a follow up interview was performed: 

Researcher: Which teaching (do you miss)? 

Uzi: That I taught with a computer ... I know that computers are taking an 
important part in the teaching process... and I said to myself this 
(conventional teaching) is going to change at some stage... We’re 
required to do our seminar papers (in the teachers college) with 
computers , and all the statistical analyses... 

Researcher : If you yourself wouldn’t have experienced (computer 
teaching), I’m asking you once again , do you think that despite the 
importance that you are being shown,. ..even though you see its 
importance , would you have postponed (teaching with computers)? 

Uzi: I would have postponed. . . because I ’m afraid of computers. I was 
afraid. It is something deterring ... Nevertheless, last year I went in (to 
computer teaching), but there were many things that I didn 7 know how to 
operate, even though the pupils didn’t know, it bothered me... It is like, 
for instance in mathematics, to teach 5 units (the highest level) 
mathematics, Never in my life would I be afraid of standing before a 
twelfth grade class and teach them, because I know everything. There is 
nothing they know that I don’t know because I went through it, I 
experienced it... (Nevertheless) I want and am willing to go to teach with 
computers, ... because of the experience. 

Evidently Uzi still did not feel entirely comfortable with teaching 
with computers. This, despite him having been exposed a considerable 
amount to the computer at the college. Uzi felt inadequate teaching with 
computers since he did not master the computer from every possible angle. 
However, it seems that having had a successful teaching experience, 
perhaps having also seen how pupils responded positively to learning with 
computers, was enough to swing the balance from being a teacher quite 
vehemently opposed to teaching with computers to being quite positive 
about teaching with computers. 

Conclusion 

This study sought to explore the effects of team-teaching on preservice 
teachers. Team-teaching proved to be a supportive framework for the new 
teaching experiences that the student teachers encountered - developing 
their teaching strategies and reducing computer-teaching related anxiety 



and discipline difficulties. Reflective-team-teaching seemed instrumental 
in allowing the novice student teachers to modify familiar teaching 
patterns and thereby successfully implement an innovative, computer- 
medium statistics program. Following this team-teaching experience, the 
preservice teachers’ expectations of computer use in class changed from 
low to high. They had become future teachers who looked forward to 
integrating computer technology into their classrooms. It may be thus 
concluded that team-teaching might be an effective instrument for 
successfully instituting innovative methods into preservice teachers 1 
classroom that they will take with them in their future teaching. Further 
research is required to examine to what extent these teachers will indeed 
implement these innovative instructional methods in future practice. 
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ABSTRACT 



This paper reports and analyses findings from an investigation into the effect of 
INSET upon teachers ' perceptions of teaching and assessment in Mathematics. 
Questionnaires were distributed to Cypriot teachers before and after the 
attendance of an INSET course on policy for curriculum reform in Mathematics . 
The main research findings are the following. After the attendance of the INSET 
course , teachers considered the purpose related to mathematical communication 
as particularly important. Moreover \ after the attendance of the INSET course , 
teachers considered pupils' abilities to apply their knowledge in unfamiliar 
situations and pupils' attitudes to Mathematics as important objectives for 
teachers ' assessment. They finally considered oral techniques of assessment as 
more appropriate than written techniques. However , their perceptions about 
classroom organisation and the development of school policy did not change. 
Implications for the development of policy on teachers training are discussed. 

I) INTRODUCTION 

Changes in the teaching of Mathematics have always been in the heart of 
curriculum reforms. Until recently most of the efforts in trying to accomplish 
desired changes centred on the development of improved curricula. However, the 
failure of much curriculum innovation in Mathematics can be attributed to the 
neglect by innovators of teachers' perceptions. A long trend in the literature 
(Fullan 1991) supports the view that teachers’ perceptions are one of the most 
critical factors for the effectiveness of the various models of curriculum change. 
The importance of teachers' perceptions is also supported by research on teachers' 
thinking (Calderhead 1987, Clark 1988). Although such research does not 
provide us with a comprehensive and theoretical framework for thinking about 
teaching, it does provide us with an insight into the process of curriculum change. 
Calderhead (1987) points out that research into teachers’ thinking shows: 

"how unrealistic it is to conceive of innovation as a set of pre- 
formulated ideas or principles to be implemented by teachers. 

Innovative ideas are interpreted and reinterpreted by teachers over a 
period of time and translated into practice in a process that involves 
teachers drawing upon several different knowledge bases and 
interpreting and manipulating various interests” (p. 17). 

Teachers oossess a body of specialised knowledge acquired through training and 




related to teaching methods, subject matter and child behaviour 




together with other information resulting from their experience of working with 
children in numerous contexts. Understanding the factors influencing teachers is 
necessary for any attempt to evaluate curriculum reform in Mathematics. 

Investigation of mathematics teachers’ perceptions has become a significant 
endeavour in recent years (Pajares 1992, Malone 1996). However, Grows & 
Schlutz (1996) point out the lack of research on mathematics teacher 
development. Little information is available relating to the effects of professional 
training upon teachers' perceptions. Nevertheless, studies of teacher-training 
programmes reveal that teachers are generally offered little opportunity to change 
the views they fonned of mathematics and how it is taught and learnt during their 
years of pre-university schooling (Bednarz et al 1996). Grouws & Schultz (1996) 
argue also that there was little information available about the overall design 
features of in-service education programmes which produce changes in teachers 
beliefs and classroom practices. This raises the question of how to bring about the 
necessary changes in the way teachers view mathematics teaching which will be 
fundamental in their future practice. In this context, the purpose of my research 
was to investigate the extent to which the attendance of an INSET course could 
influence Cypriot teachers’ perceptions of curriculum policy in Mathematics. 

II) METHODS OF DATA COLLECTION AND SAMPLING 

In Cyprus, in 1994, a reform programme in Mathematics was introduced which 
was mainly concerned content, pedagogy and assessment. A centre-periphery 
model of change was used. The central government, through inter-departmental 
committees, drew up syllabuses, curricula, and planning guides, which were 
distributed to schools. However, policy makers did not take into account the need 
for a strong link between curriculum reform and teacher development which is 
reflected in theories of curriculum change (Fullan and Hargreaves 1992). Thus, a 
teacher training programme was developed around the main policy initiatives on 
teaching and assessment in Mathematics. One of the objectives of this course was 
to expose teachers to an approach to Mathematics that is different from the one 
they have experienced previously, and to introduce them in a problem solving 
context to another teaching culture by instituting a process of explanation, 
discussion and negotiation within the classroom. The activities offered in this 
course did not only enable teachers to understand the policy initiatives on 
teaching and assessment in Mathematics but also provided them the opportunity 
to "reflect in and on action" (Schon 1983). The extent to which the attendance of 
the course helped them to change their views of teaching and assessment in 
Mathematics is therefore an issue which has to be explored. 

Teachers who attended the course on teaching and assessment in Mathematics 
were asked to complete a questionnaire both before and after they had attended 
the course. The content of the questionnaire was derived from analysis of policy 
for curriculum reform in Mathematics in Cyprus. There were five broad areas of 
teachers' perceptions: 
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a) The purposes of teaching Mathematics, 

b) The purposes which assessment should serve, 

c) The relative importance attached to different teaching methods, 

d) Techniques of assessment, 

e) Ways of improving assessment 

Of the 287 teachers approached 282 responded to the questionnaire given to them 
when they begun to attend the course and 279 responded to the questionnaire 
after they had attended the course. Although it was not possible to identify those 
teachers who answered the questionnaire twice since the questionnaires were 
answered anonymously, the fact that the response in both cases were particularly 
high (98% and 97% respectively) and the questionnaires were administered to the 
whole population, implies that figures derived from each sample can be used for 
generalisation to its population. Thus, this comparison may measure changes in 
perceptions of teachers who attended the course on Mathematics. 



Ill) FINDINGS FROM THE QUESTIONNAIRE 



Purposes of teaching Mathematics 

Graph 1 shows the mean rank of the perceived importance of each of four 
purposes of teaching Mathematics. Kendall Coefficient of Concordance was 
calculated to show the degree of consensus about curriculum purposes in this 
ranking. A significant level of agreement amongst teachers before (W^O.31, 
p<001), and after the attendance of the course (W 2 =0.35, p<.001) was revealed. 




A: Gain knowledge, B: Positive attitudes, C: Talk about Maths D: Solve problems 



The following observations arise from Graph 1. Before the attendance of the 
course, teachers gave high priority to purposes concerned with gaining 
Mathematical knowledge and solving investigative tasks. The purpose which was 
focused on pupils' ability to talk about Mathematics was seen as the least 
important. After the attendance of the course, they considered equally important 
O ie purposes of Mathematics. Thus, the Wilcoxon test revealed that after the 
dance of the course teachers considered less important the purpose 
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concerned with gaining mathematical knowledge (Z= 2.8 p<.01) and more 
important the purpose focused on pupils’ ability to talk about Mathematics 
(Z=3.2 p<.001). This finding can be linked with the fact that one objective of the 
course was to enable teachers to see Mathematics as a language. 



Purposes of Assessment 



Graph 2 deals with perceptions of purposes of assessment. Kendall coefficients of 
concordance for teachers' perceptions about purposes of assessment revealed a 
significant level of agreement amongst teachers in their ranking of the relative 
importance of the purposes of assessment both before (W3=0.51, p< 001), and 
after the attendance of the course (W4=0.64, p<001). 




A B C D 



A: Summative B. Teacher’s self-assessment C: Formative D: Evaluative 

The following observations arise from Graph 2. Before the attendance of the 
course, teachers considered formative assessment as the most important purpose 
and teachers' self-evaluation as the second most important purpose. It is also of 
interest to emphasise the low rating given to summative purposes of assessment 
and to the national monitoring. Thus, summative purposes and national 
monitoring were considered as the least important purposes of assessment. 
Although purposes of assessment were ranked similarly by teachers before and 
after the attendance of the course, the Wilcoxon test reveals that after the 
attendance of the course teachers considered formative assessment as more 
important purpose (Z=2.7 p<.01) and summative assessment as less important 
(Z=2.8 p<01). These statistically significant differences can be attributed to the 
fact that after the attendance of the course almost all teachers (85%) considered 
formative assessment as the most important purpose and summative assessment 
as the least important purpose. 

Methods of teaching and assessment in Mathematics 

The figures in Table 1 are based on the information derived from teachers' 
responses to items of the questionnaire concerned with the implementation of 
policy on Mathematics pedagogy and assessment. It illustrates all the statistically 
significant differences between teachers’ perceptions before and after the 

161 3-154 




attendance of the course. The following observations arise from Table 1. After 
the attendance of the course, teachers supported as a group those methods of 
teaching and assessment in Mathematics which before the attendance of the 
course were not considered as appropriate. Thus, before the attendance of the 
course 48% of teachers did not agree that practical activities are appropriate for 
older and high attainer pupils. But after the attendance of the course, only 25% of 
teachers did not agree with these two methods. Moreover, before the attendance 
of the course, 28% of teachers did not support that pupils should talk about 
Mathematics and present the results of their activities to their classmates. 
However, after the attendance of the course, almost all of them (88%) agreed 
with tins method. The last two items of Table 1 are concerned with issues of 
assessment policy in Mathematics. After the attendance of the course, the great 
majority of teachers (85%) considered pupils’ ability to apply Mathematics in 
unfamiliar situation and pupils’ attitudes to Mathematics as important objectives 
for teachers’ assessment whereas before the attendance of the course more than 
25% of teachers did not agree with these two items. 



Table 1: Means, standard deviations and t-valucs derived from comparisons 
of teachers’ perceptions before and after the attendance of the course 



Methods of teaching and assessment 
in Mathematics 


Before 
Mean S.D. 


After 

Mean S.D. 


b * -1 


| 


h 


Practical activities as appropriate for 
younger as for older pupils. 


2.88* 


0.93 


3.45 


0.76 


2.72 


275 


.01 


Practical activities as appropriate for 
high attaining pupils as for low 


2.86 


0.83 


3.41 


1.02 


3.72 


272 


.001 


Needs for talk in each activity 


3.42 


0.93 


4.01 


0.76 


3.31 


274 


.01 


Assessment of pupils’ attitudes to 
Mathematics 


3.18 


0.93 


3.95 


0.86 


2.67 


268 


.01 


Assessment of child’s ability to apply 
Mathematics in unfamiliar situations 


3.02 


1.13 


3.88 


0.96 


2.66 


271 


.01 



*1: Absolutely disagree, 2: Disagree, 3: I do not know, 4: Agree, and 5: Absolutely agree 
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It is also important to note that no statistically significant difference was 
identified between teachers’ responses to items concerned with the need for 
developing a school policy on teaching Mathematics before and after the 
attendance of the course. A great variation among teachers views of the 
development of school policy in Mathematics was identified both before and after 
the attendance of the course. Moreover, most teachers, both before (89%) and 
after (87%) the attendance of the course, revealed that they organised their 
mathematics lessons in such a way that children spend most of their teaching time 
in working as a whole class. Cluster analysis was used to identify relatively 
homogeneous groups of teachers according to the proportion of time in 
Mathematics lessons that their pupils spend in working on individual tasks, on 
collaborative group tasks and as a whole class. No group of teachers organised 
mathematical lessons in order to distribute their time equally between the 
ways of classroom organisation. 
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Techniques of Assessment f Appropriateness and Easel 

Teachers were asked to rank twice eight techniques of assessment in 
Mathematics according to their appropriateness and their ease. Kendall 
coefficients of concordance revealed that both before and after the attendance of 
the course teachers agreed among themselves in their ranking of the relative 
appropriateness of each technique (Before: W 5 =0.18, p<001; After: W 7 =0.21, 
p< 001) and also agreed among themselves in their ranking of the relative ease of 
each technique (Before: W 6 =0.27, p<001; After: W g =0.23, p< 001). However, 
the mean ranks tend to cluster close to each v other, with small differences between 
them. Nevertheless, the Wilcoxon test shows that after the attendance of the 
course, teachers considered multiple choice and matching question as less 
appropriate technique than before the attendance of the course (Z=2.7, p<.01). 
The eight techniques of assessment in Mathematics were also classified into two 
categories, namely oral and written techniques. The category of written 
techniques represents an average of the methods which have to do with a written 
test and the oral category represents the rest of the techniques. The Wilcoxon text 
revealed that after the attendance of the course, teachers considered written 
techniques as less appropriate techniques than before the attendance of the course 
(Z=2.6, p<02). It is also important to note that both before and after the 
attendance of the course three of the oral methods were considered as the three 
most appropriate techniques whereas unstructured observation was considered as 
the least appropriate technique. This raises a question about whether the oral 
category is a coherent one on teachers' perceptions. It can be also argued that the 
tliree oral techniques which were considered as the most appropriate (Structured 
observation, interview, oral question-and-answer) are those which are more 
formally structured. 

The Wilcoxon test revealed the following statistically significant difference 
according to teachers’ perceptions of ease of application of these techniques. 
Before the attendance of the course, oral question-and-answer was considered as 
the most easy technique. However, after the attendance of the course it was 
considered as neither the most nor the least easy technique. Thus, Wilcoxon test 
revealed a relevant statistically significant difference (Z=3.4, p<.001). The 
Wilcoxon test revealed also that after the attendance of the course teachers did 
not consider extended written question as so difficult technique as before the 
attendance of the course (Z=2.9, p<01). Finally, after the attendance of the 
course, teachers considered the category of oral techniques as less easy (Z=2.61, 
p<01) and the category of written techniques as more easy (Z=2.8 p<01). The 
last, and probably the most important finding, has to do with the well known 
dilemma that what is easily measured is of dubious educational value. Both 
before and after the attendance of the course interview and structured observation 
were considered as the most appropriate but the least easy techniques. Likewise, 
the direct written question and the unstructured observation were regarded as one 
of tlie most easy but le ‘ opriate techniques. It can be argued that, both 
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before and after the attendance of the course, there is a negative correlation 
between the appropriateness and ease of techniques of assessment. 

Perceptions about wavs of improving assessment 

Kendall's Coefficients of Concordance revealed that teachers agreed among 
themselves in their ranking of the relative importance of the six ways of 
improving assessment both before (W 9 =0.48, p< 001), and after the attendance 
of the course (Wio-0.51, p<.001). Both before and after the attendance of the 
course teachers considered further training in techniques of assessment and 
smaller class size as the most important ways of improving assessment, whereas 
the least important was the existence of another adult in the classroom. Thus, the 
Wilcoxon test did not reveal any statistically significant difference by comparing 
teachers’ perceptions of improving assessment before and after the attendance of 
the course. 

IV) DISCUSSION 

The findings derived from this study can be seen as providing information on the 
extent to which the professional training may influence perceptions of teachers 
who work in a highly centralised system. This study can be therefore seen as a 
case study of a closed system and hence the extent to which it is generalisable to 
other systems is questionable. However, some more general issues for theory of 
curriculum change in Mathematics may be also raised. 

Howson (1989, p.18) believes that "clear objectives are needed but to be 
effective they must be objectives accepted by teachers", a view that is the basic 
focus of my research. It is clear from the questionnaire responses that after the 
attendance of the course teachers’ perceptions of the purposes of Mathematics 
generally confonn to the purposes emphasised in the current curriculum reform in 
Cyprus. Teachers did not only support the purposes relating to investigative tasks 
and promoting mathematical knowledge and thinking but also the purpose 
concerned with the development of pupils ability to talk about Mathematics. After 
the attendance of the course teachers had a coherent view about active pedagogy, 
emphasising the value of practical activities, investigative tasks and discussion. 
Moreover, teachers perceived fonnative purpose of assessment as more important 
than the summative. They also considered assessment as a natural part of 
teaching. Thus, they agreed that pupils’ attitudes to Mathematics and pupils’ 
ability to apply their knowledge in unfamiliar situation are important objectives 
for teachers’ assessment. But despite the fact that teachers agreed with policy on 
curriculum refonn in Mathematics, further research is needed to explore the 
extent to which this policy may influence curriculum practice. Although teachers 
hold strong ideas favouring active pedagogy and fonnative assessment, teachers’ 
responses to items on classroom organisation reveal that they did not promote 
flexible classroom strategies either before or after the attendance of the course. 
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Since curriculum change is a multidimensional phenomenon, a distinction 
between changes which affect the deep structures of the curriculum and changes 
which affect the surface of the curriculum is needed to explore the effect of 
professional training upon teachers’ perceptions. The data about the effect of this 
course upon teachers’ perceptions revealed that after the attendance of the course 
teachers changed their perceptions of curriculum policy but they did not change 
their beliefs about their role. For example, their reactions to a school which is in a 
position to develop its own policy on teaching Mathematics revealed that their 
perceptions are primarily effected by the system within which their training is 
operating. Thus, the extent of central control on the curriculum may be a stronger 
source of influence upon teachers’ perceptions of their role in the process of 
change than training. Nevertheless, the role of training should be seen in terms of 
Fullan's (1991) argument that change at the individual level is a process whereby 
individuals alter their ways of thinking and doing. This is not an easy task since 
people's beliefs are part of a deeply rooted belief system based on perceptions of 
their role and which extends to social and political concerns. Educational policy 
in Cyprus has not dramatically used INSET to bring about change and has not 
been directed at the implementation of the current curriculum reform at school 
level. Thus, a reform of teacher in-service education is needed so that a link 
between professional development and curriculum reform will be established. 
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An NSF -sponsored project at Indiana University is developing interdisciplinary , 
courses in which students leant mathematics in the context of other fields of study 
(e.g., history , art , criminal justice, economics, speech and hearing, business). Since 
fall 1996, nine new interdisciplinary courses have been developed and field tested 
with students and six more are being planned. This paper reports on research on 
students' motivation to study mathematics and their perceptions of the utility and 
importance of mathematics when enrolled in these new interdisciplinary courses. . 

Traditional mathematics courses, designed and taught exclusively by mathematics 
faculty, are seldom perceived by students other than mathematics majors as an 
integral part of their college education. Nor do most students view their study of 
mathematics as important in preparing them for the challenge of our increasingly 
technological society. Instead, required college mathematics classes have often been 
viewed primarily as a set of hurdles to jump over prior to graduation. Much of this 
is due, no doubt, to the fact that traditional mathematics courses typically do little to 
help students appreciate the integral role that mathematics plays in the society in 
general, and, more particularly, in college majors such as arts, humanities, social 
sciences, or biological and health sciences. As a result, students studying these 
disciplines often have little motivation to learn mathematics; many see the study of 
mathematics as little more than the memorization of rules, computational 
techniques, and equations unrelated to their own personal lives. 

In an effort to remedy this unfortunate situation, faculty at Indiana University, 
USA, under sponsorship of the National Science Foundation for their “Mathematics 
Throughout the Curriculum Project” (MTCP), have been working to create a new 
framework for collaboration between mathematics faculty and the faculties of other 
disciplines, as well as a new culture among undergraduates. The ultimate goal of 
the project is to revitalize the learning of mathematics among non-mathematics 
majors. The project seeks (1) to create interdisciplinary courses, developed through 
collaborative efforts of faculty from mathematics and other disciplines (but 
eventually to be taught by individual instructors), in which students use previously 
learned mathematical ideas, learn new mathematics, and acquire new tools through 
contextualized problem solving, and (2) to change students’ attitudes toward 
mathematics by developing an infrastructure where they are encouraged to see the 
value of understanding underlying mathematical concepts and to see the relationship 
of mathematics to other subjects, the real world, and their own ambitions and goals. 
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As evaluators of the MTCP, our research — since fall semester 1996 — has 
involved collecting data from students, faculty, and administrators about the impact 
of these new interdisciplinary courses. Our focus in this paper is on our efforts to 
document progress toward the second of the two primary project objectives — that 
is, a change in students’ motivation and attitude toward mathematics. 



Among the many reasons for a reexamination and major overhaul of the current 
US mathematics instructional system is the significant dropout rate from 
mathematics study as students proceed through secondary school and college study. 
For example, of the 3.6 million ninth graders taking mathematics in 1972, fewer 
than 300,000 survived to take a college freshman mathematics class in 1976, and 
only 11,000 earned bachelor’s degrees in mathematics in 1980 (National Research 
Council, 1989, 1990). It is clear that many college students do not perceive 
mathematics as important for their professional development. 

Harel and Trgalova (1996) provide a comprehensive review of significant and 
interesting research investigations and teaching experiences in college level 
mathematics instruction worldwide. Although their discussion focuses primarily on 
recent changes in the teaching of calculus and linear algebra, their findings also have 
significance for the more basic mathematics studied by students in our Indiana 
University reform effort. In their review, Harel and Trgalova cite Artigue (1995) 
as suggesting that numerous curricular renovation initiatives have been initiated due 
to the finding that it is easy to teach college students to compute mechanically, 
although difficult to teach them underlying concepts. Indeed, this is exactly the 
point of much of the current US reform at all grade levels. For example, the 
Curriculum and Evaluation Standards for School Mathematics, published by the 
(US) National Council of Teachers of Mathematics (1989), calls for a ‘‘shift in 
emphasis from a curriculum dominated by memorization of isolated facts and 
procedures and by proficiency with paper-and-pencil skills to one that emphasizes 
conceptual understandings, multiple representations and connections, mathematical 
modeling, and mathematical problem solving” (p. 125). Though the NCTM 
Standards were written as recommendations for school mathematics, they seem to 
apply equally well to the situation we face with college mathematics. 

Some recent reform efforts at the college level in the US have emphasized 
encouraging students to work in small groups to construct mathematical ideas 
through projects and applications. An example is the Calculus in Context Project 
(O’Shea & Senechal, 1992). In general, however, there has relatively little attention 
given to reform of precalculus mathematics instruction (which is the focus of the 
current Indiana project). Much recent curriculum reform at the college level has 
been technology driven. Students using Mathematica, Derive , or Maple have been 
reported to exhibit greater willingness to solve problems (Davis, 1992). It is also 
reported that weaker students often are better able to succeed with the help of 
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technology, and thereby come to recognize that mathematics is not just for their 
more able classmates (Wimbish, 1992). 

Overview of Selected MTCP Courses 

To provide readers with some sense of the types of courses being developed by 
the MTCP, we offer the following brief course descriptions. . 

“Techniques of Data Analysis,” a course required of all criminal justice majors, 
was developed and team-taught by a mathematician and a criminal justice professor. 
The course was conducted in a computer lab and enrolled 22 students, ranging from 
sophomores to seniors, in fall 1997. Prerequisite mathematics was a course in 
either precalculus or finite mathematics. This new course required students to apply 
mathematical concepts and statistical procedures to specific criminology-related data 
sets. The course goals included learning about the mathematics underlying statistical 
analysis of social sciences data and developing skills in using a computerized 
statistical software package. Sophisticated statistical concepts were explained during 
lectures. The course included group projects and hands-on computer work. An 
example of a course project was the use of contingency tables in analyzing a large 
data base drawn from a citizen survey. 

“Mathematics in Action: Social and Industrial Problems,” collaboratively 
developed and taught by a mathematics professor and a business administration 
professor, enrolled 24 students from a wide range of majors, who ranged from 
freshmen to juniors. The only prerequisite was precalculus mathematics. The 
course aimed to teach students the content of the traditional (required) finite 
mathematics class through contextualized problem solving in the realm of business. 
The major highlight of the course was the use of real-world industrial projects 
proposed by local businesses and industries. In addition to the industry project, the 
instructors also used simplified versions of actual real world problems taken from 
professional journals and books as well as a diverse set of applications of 
mathematical concepts. Graphing calculators and computers were used as 
technological tools in the course. Two sample projects were (1) developing a 
transportation-shipping schedule (given supply and delivery points for shipping, the 
transportation model needed to look for that set of origin/destination points that 
would minimize transportation costs), and (2) developing a products-defect model 
by using statistical analysis to calculate the probability and the expected time during 
a warranty period until a given product part would become defective (in this 
project, the actual problem was to help a school district decide how long they should 
keep their school buses and other vehicles before buying new ones). 

“Mathematics and Art,” taught by a mathematics professor who is also an artist 
enrolled 15 students (from sophomores to seniors). Precalculus was the only as 0 
prerequisite. The class was designed to explore connections between mathematics 
and art through history, as well as through recent developments in art, mathematics, 
and computer graphics, and its goals were to create an intrinsic motivation to learn 
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mathematics through art as well as to emphasize the connection between 
mathematics and art.. Students examined art concepts such as symmetry, 
perspective, and landscapes as well as mathematical topics such as Euclidean 
geometry, analytic geometry, and iterative techniques. Although the class met in a 
regular classroom, students also used a variety of graphics software in a computer 
lab. Examples of course projects were use of fractals to reproduce both a branch of 
a tree and the texture of an old vase. 

“Mathematical Foundations of Speech and Hearing Sciences,” enrolled 18 
students (sophomores to graduate students) in fall 1997. It was designed for 
students majoring in Speech and Hearing Sciences and related fields such as music, 
psychology, and cognitive science, but was open to all students. Prerequisites were 
either one semester of calculus or finite mathematics. The course aimed to develop 
a solid foundation in mathematical concepts underlying the speech and hearing 
sciences and to develop the ability to apply these concepts to practical and clinical 
problems. Anticipating that students would solidify some previously learned 
mathematics and also learn new content, the instructors focused on the major 
mathematics topics encountered in upper level speech courses: trigonometry, 

Fourier analysis, finite mathematics random processes, and statistical decision 
theory. Two days each week the focus was on mathematical concepts and related 
speech and hearing problems. One day each week students did hands-on lab work 
related to real projects, using graphing calculators and computer spreadsheets. 

“A Statistical Study of History,” taught by a historian and a mathematician, 
enrolled 21 freshmen in fall 1997 and required only high school algebra as 
prerequisite. Goals of this course included helping students develop the art of 
understanding history and their contemporary world through a reasoned 
quantitative approach, and helping them to employ this approach to validate or 
refute standard interpretations of nineteenth century Indiana history. Using 
appropriate statistical methods, hand-held calculators, spreadsheets, and statistical 
software, students analyzed data from the 1860 Indiana Federal Census database. In 
doing so, they learned about statistical topics varying from descriptive statistics to 
probability models and statistical inferences. An example of a student project was 
comparison and analysis of statistics describing minority households with a single 
parent during various time periods from 1920 to the present. 

Methodology 

As evaluators for the MTCP we have used a variety of measures and techniques 
for evaluating progress toward major project objectives. To document progress 
toward objective #1 — creating interdisciplinary courses — we have: 

• examined course syllabi, samples of assignments, tests and other assessments, 
samples of student work, and other documents to determine if the courses meet 
project goals of: (a) requiring minimal mathematical prerequisites, (b) being 



problem/project driven, (c) involving student activity and group work, (d) 
emphasizing communication. 

• determined the extent to which student learning outcomes in mathematics are (a) 
specified in the syllabi, (b) taught in the course, and (c) appropriately evaluated. 

• observed in classrooms, with attention to mathematics content, teaching methods, 
and assessment methods, to triangulate other measures of course success. 

• examined uses made of technology (calculators, computers, videos, Internet, etc.) 
To document progress toward objective #2 — changing student attitudes — we have: 

• administered surveys to students at the beginning and end of each semester to 
obtain measures of student expectations, attitudes, beliefs, and satisfaction. 

• interviewed selected subsets of students and interviewed all of the course 
instructors. 

• observed in classrooms, with particular attention to behaviors that might provide 
evidence about anxieties, motivation, beliefs, and attitudes toward mathematics. 

Progress Toward Project Goals 

In general, our data collection has documented significant progress toward 
project goals. Nine new interdisciplinary courses have been developed and field 
tested (the five described above, plus a biology course, a physics course, and two 
courses in economics), and both student and instructor reaction has generally been 
quite positive. Our interviews, classroom observations, and document analysis 
efforts have yielded promising evidence of success. Unfortunately, our paper-and- 
pencil attitude survey was, at least initially, less informative 

At the time of writing this paper, we have student questionnaire data from each 
of the courses field tested during spring semester 1997, though we also expect to 
have questionnaire data from fall 1997 and spring 1998 by the time of the PME22 
meeting in summer 1998. Unfortunately, the questionnaire used to gather data on 
changes in student attitudes during spring 1997 did not measure any significant 
differences from the beginning to the end of the semester. We believe this is 
probably due more to the insensitivity of the questionnaire than to an absence of 
change, particularly because interviews with students and classroom observations 
provided a very different look at students’ attitude changes. In summer 1997, the 
student questionnaire was completely revised, so we expect more reliable results 
from data collected in fall 1997 and spring 1998. 

Data sources other than the paper and pencil attitude survey seem to offer clear 
evidence that many students’ views of mathematics have been changed by taking one 
of the new interdisciplinary courses. These data sources include individual student 
interviews, written answers to open ended questions included on end-of-semester 
evaluation forms, and interviews with course instructors and others involved with 
the courses. In the paragraphs that follow, we focus, due to space constraints, on 




3-163 



170 



findings related to just one course: the business administration course. (More 
extensive information and analysis about this and other courses will be available at 
the PME22 meeting.) 

“Mathematics in Action: Social and Industrial Problems” was a project-driven 
finite mathematics class that promoted student learning of mathematics through 
problem solving. It was a special section of a course typically offered in multiple 
sections and required for many majors. This section covered the same content as 
the usual course, including descriptive statistics, probability, counting, systems of 
linear equations, and linear programming. Students from a variety of different 
disciplines enrolled. They learned the mathematics, used it in problems related to 
applications, and discussed those problems during class. The course included 
student activities and group work and also emphasized communication. 

Students applied the mathematical concepts they were learning by using them as 
tools in team projects drawn from local industry. During one of our class 
observations, we saw the students spend more than half the class period debating and 
discussing such applications. The students asked questions of each other and of the 
instructors, who helped students connect the underlying mathematics to the 
applications at hand. Both the mathematician and the business administration 
professor were actively involved in these exchanges. While one was keen about the 
mathematics, the other was more conversant with the applied problems. 

Many of these students expressed a desire to take more mathematics classes, 
particularly if those classes could be like this one. One student claimed that she 
would miss coming to this class when it was over. Several students said that even 
though the class met very early in the morning ( 8:00 a.m.) they were reluctant to 
be absent. This was evident during the class observations. About 10 minutes before 
the class started, there were typically students in the classroom, already discussing 
problems with other students or with the instructors. 

During interviews, students claimed that now they understood the utility of 
mathematics and its power. They were surprised to see how much mathematics they 
actually use in their real life. The course exposed them to the statistical analysis 
programs build into spreadsheets such as Excel and Lotus and the use of calculators. 
They expressed surprise at how much those programs could do. Also, the real life 
problems they encountered in their industrial projects seemed to be eye-openers for 
many students. Some mentioned that they cannot now look at a newspaper without 
seeing (and understanding) many uses of the mathematics they learned in the class. 
Some students who had already taken other college mathematics, such as calculus, 
said they now see much more clearly the uses of that mathematics and the reasons 
behind using it. A senior student was assigned to assist students in this class. She 
worked primarily in the computer lab helping students to learn Excel and giving 
assistance with course projects. Additionally, she worked in the tutoring lab at the 
university, where she helped students with mathematics from various classes. 
According to her, students in this class had much better understanding of the 
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concepts learned in this class than their peers who were going through the parallel, 
regular finite mathematics class. 

From looking at students* attendance, participation, and assignments, it seems 
clear that students were very enthusiastic about this class. At the beginning there 
were some students who came to the first class and then dropped out due to the 
anticipated heavy workload. Of those who persisted in the class, most said that the 
class involved a lot of work, but that they enjoyed it nonetheless. Many of the 
students in this class participated in workshops and labs that were not required and 
that were held outside the class period. They also met with their project groups 
outside of school. One student interviewed said that her group had to meet 7:00 
a.m. in a nearby small town because that was the only time and place all group 
members could get together. From class observations as well as student interviews, 
it was evident that these students came to enjoy mathematics during this class. They 
did not fear mathematics and they saw the usefulness of it. 

There was a diverse group of students in this class (business and economics 
majors, liberal arts and science majors, and preservice elementary teachers). 
Therefore, when they were asked to select an industrial project from among a 
selection of projects, the topics that they chose were quite diverse (and often related 
to their own personal areas of interest or experience). Students particularly noted 
that they learned a lot from each other in doing these projects, because their fellow 
students had expertise in a diversity of areas. They all acknowledged the projects as 
a very constructive and enjoyable experience. 

Developing this new course was labor intensive for the instructors. Both 
instructors were present everyday in the classroom, and both were involved in all 
class discussions. Students mentioned during interviews how positive it was that the 
instructors offered such diverse perspectives because they came from different 
academic disciplines. Other labor intensive aspects of the course were the extra 
workshops and labs that the instructors arranged and monitored, and the time and 
effort they expended in contacting local industries to organize the industrial 
projects. They also visited all the industrial project sites and attended initial project 
meetings of the student investigators. During interviews, the instructors admitted 
that developing and teaching this course involved a lot more work than usual. 
However they also expressed a sincere sense of satisfaction in teaching the class. 

One instructor mentioned that he felt closer to the students in this class than in any 
other class he had taught before. 

Looking Back and Looking Ahead 

We are convinced that learning through applications helps students develop an 
appreciation for mathematics and a motivation to learn that is often lacking in 
traditional mathematics courses. Similarly, we have noted that the instructors in 
these innovative courses report being more engaged and more positive about both 
their subject matter and their interactions with students than during their typical 




i 



7 ? 

I tHa 



l V 



3-165 



teaching. At this early stage in the MTCP’s life, however, we have no way of 
knowing how long this enthusiasm on the part of students and faculty can be 
sustained. What will happen when faculty are no longer team-teaching? Once these 
courses are institutionalized, how successfully will a single instructor be able to 
offer the diversity of background and expertise presently provided by the MTCP 
interdisciplinary teams? Teaching applications-oriented, project-based courses 
requires considerable extra effort and commitment. How long can faculty interest 
and energy be sustained? Finally, successfully disseminating the courses developed 
by this project to other campuses, colleges, and universities remains the project’s 
biggest hurdle. How effective will the courses be when they are taught by 
instructors who had no involvement with their interdisciplinary development? 
Changing the motivation and attitude of the students enrolled in these experimental 
courses has not been terribly difficult; offering similar opportunities to a whole new 
generation of students is the ultimate challenge. 
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Algebra: Meaning through Modelling 

Susan J. Lamon 
Marquette University 



A modified version of classical mathematical modelling was 
used to inti'oduce middle school students to algebraic symbols 
and to enhance their perception of the usefulness of algebra in 
solving practical problems. After the first year of a three- 
course algebra sequence , grade 7 students , ages 11-12 , 
surpassed students two years beyond them in the curriculum in 
quantitative reasoning and elementary modelling. 



In the United States, there has been considerable debate over algebra and pre- 
algebra courses. Many students experience difficulty when algebra is taught as a 
series of isolated skills (simplify, evaluate, factor, etc.) and the traditional 
curriculum is criticized for its failure to address the content that best reflects 
societal uses and students’ future vocational needs (Steen, 1992; NCTM, 1992; 
Chambers, 1994). Although the Standards (NCTM, 1989) proposed a different 
conception of algebra, they provided only broad guidelines for creating change. 
Without the benefit of a solid research base that addresses essential content and 
effective pedagogy, many school districts have responded to mandates that all 
students study algebra (Mathematics Education Trust, 1990; The College Board, 
1990), by providing access to algebra courses, but not necessarily access to critical 
algebraic ideas (Silver, 1997). 

At the heart of the controversy over algebra lies the question about what algebra is 
and should be. Generalizing and formalizing patterns and the syntactic 
manipulation of symbols are viewed as kernels of the subject (Kaput, 1995), but 
mathematical content such as structures, variables and functions, relations and joint 
variation, and technological innovations, also help to define the nature of algebra. 
Rather than presenting algebra as an isolated topic of study, there is a growing 
consensus that it should be located within a larger, longitudinally coherent 
mathematics curriculum that focuses on understanding quantitative relationships and 
the mathematization of authentic experiences (Kaput, 1993; NCTM, 1992). 

Model formulation, the first stage of the modelling process, involves discerning 
important variables and parameters that affect a given problematic situation, 
making assumptions to clarify and simplify the situation, making a conjecture about 
the relationships among important quantities, and translating the relationships into a 
mathematical statement. The teaching experiment reported in this paper was based 
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on the assumption that model formulation provides a powerful forum for helping 
students to think about quantities and their relationships. Focusing on the reasoning 
that precedes the. production of a symbolic equation provides students the 
opportunity to see algebra as an activity; to appreciate its utility; to see familiar 
situations as a source of meaning for formal mathematical symbols; to develop a 
systematic approach to analyzing and communicating the underlying structure in a 
situation; and to build a firm foundation for more abstract reasoning. 

The Teaching Experiment 

Responding to the need for change, a small, mid-western school district in the 
United States revised its algebra program. After many years of tracking students in 
the middle school, the more capable students were being pushed farther and farther 
into the high school mathematics curriculum. Students were covering algebra two 
to three years before they would normally encounter the subject in the first year of 
high school, but learning only the rote manipulation of symbols. They had little 
understanding of how, when, or why the symbols might be used. As a result, the 
middle and high school algebra teachers cooperatively devised a three-course pre- 
algebra and algebra sequence for students in grades 7 through 9, which allowed 
students ample time to deeply investigate quantitative relationships and to 
mathematize everyday situations. Student progress was documented during the first 
year of the First course, for the purpose of demonstrating that modelling could help 
the students to Find meaning and utility in algebraic symbolism. 

Subjects 

One class (N= 16; 9 males, 7 females) of seventh grade middle school students who 
were identiFied as mathematically talented students, participated in pre-algebra I, 
the first course of the algebra sequence. Teachers identified these students based 
upon their performance in whole number, decimal, and fraction computation at the 
end of sixth grade. 

Pedagogy 

To help students develop a systematic way to analyze the relationships among 
quantities in a problem, the model formulation stage of the mathematical modeling 
process was elaborated in the following Five-step process. 
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Situation 



For the first six weeks of the course, students used the diagram to guide their 
analysis of simple statements such as the following: 

If 1 boy can mow the lawn in 1.8 hours, 3 boys could probably mow the 
lawn in .6 hours. 
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Identifying quantities meant naming the quantities that were related, using both a 
number and a unit of measurement. That is, rather than merely listing “boys” and 
“time” as the significant quantities in this situation, students labeled the quantities 
“number of boys” and “time in hours.” 

Defining the situation meant making explicit the assumptions needed to keep a 
situation sensible and tractable. For this situation, it was assumed that both boys 
were willing and able to do about the same amount of work in one hour. Students 
came to appreciate that in mathematics, one always sets out the conditions under 
which a discussion or proof evolves and that any conjectures or results are subject 
to those conditions. 

Describing meant making a verbal statement about how the quantities were related. 
For example, “If you have more people doing a job, it should take less time to get it 
finished than if only one person is doing it.” or “As the number of people goes up, 
the time to do the job goes down.” 

Representing meant using arrow notation to describe the relationship between the 
significant quantities in the situation, and later, representing the relationships in 
quantity diagrams. If B represents the number of boys and T represents the time it 
takes to mow the lawn in hours, the quantities change in the following way: Bf T j. 
As students realized that not all situations within the f f or [ J or f [ categories 
were the same, further analysis was needed. They learned to create quantity 
diagrams, such as the following: 



B H 

# boys # hours 




rule relating the two quantities — ^ BH = 18 



x-L < 4 sca le factor 



Classifying meant associating the situation under consideration with others whose 
relationships are similar, and refining categories when necessary. For example, 
after comparing the lawn mowing problem to the dying cell problem below, 
students were able to see that all f J statements were not the same and that it was 
necessary to subdivide the category. 

After the first 1.5 hours, the cell count was down to 40. Thereafter, every 
three hours, half of the remaining cells died. 

As categories were refined, more conventional algebraic language was used to 
describe the relationships (e.g., proportional, inversely proportional, exponential). 
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Students kept files of the problems they had analyzed. Problems having the same 
structure were filed together; new categories were added or existing categories 
were refined whea necessary. In time, students identified structurally similar 
relationships, used the language of algebra to describe their chief characteristics, 
and associated them with situations they had analyzed. Classroom activities ranged 
from the quantitative analysis of simple statements in the beginning of the year, to 
structured modelling in the middle of the year, to more open modeling at the end of 
the year. Students analyzed and represented quantitative relationships in verbal, 
pictorial, graphical and tabular form. 



Although all of the students were mathematically talented, they were accustomed to 
listening and practicing in their mathematics classes, and their adaptation to 
reasoning and writing about mathematics was accomplished with varying degrees of 
difficulty. To indicate the range of students* performance in the course, periodic 
work samples from Nicki (female), the strongest student in the class, and Dan 
(male), who made the least progress throughout the year, are given below. 

November : Mowing the Lawn. 

If one boy can mow a lawn by himself in 3 hours, then how long should it take 
when his friend helps him? What happens if more friends decide to help? 



Results 





And 4f)ere te cl role. 6*7”= 3 




